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I.  SCIENTIFIC  PROGRESS  AND  ACCOMPLISHMENT 


Problem 

Ms  Sophia  Economou  is  the  graduate  student  supported  by  this  fellowship  to  carry  out  a  study  of 
the  theory  of  using  coherent  light  to  control  the  spin-dependent  optical  transitions  of  the 
electrons  in  dots  as  a  physical  basis  for  the  implementation  of  quantum  operations  on  the  spin 
qubits,  basic  to  quantum  computation  and  information  processing.  This  is  in  support  of  the 
collaboration  among  three  teams  at  NRL  (leader  Dan  Gammon),  Michigan  (leader  Duncan  G. 
Steel)  and  UCSD  (Lu  J.  Sham)  in  experimental  demonstration  of  the  fundamentals  of  quantum 
computing. 

Significance  of  her  accomplishements 

She  accomplished  the  goal  of  a  scheme  of  initializing  a  spin  qubit  with  about  50-50  chance  and 
its  rotation  about  the  optical  axis.  The  scheme  is  of  sufficient  experimental  simplicity  for 
demonstration.  She  has  also,  through  her  analysis  of  the  decoherence  effects,  predicted  how  the 
spontaneously  generated  coherence  (previously  proposed)  affected  the  electron  spin  rotations,  an 
effect  of  great  consequence  in  implementation  of  quantum  control. 

Details  of  the  scientific  progress 

Ms  Economou  first  made  a  microscopic  derivation  of  a  Liouville  equation  for  the  optical  control 
of  the  two-state  electron  spin  in  a  quantum  dot  excited  to  the  trion  state  to  include  the  effects  of 
decoherence.  In  the  process,  she  found  the  effects  of  spontaneously  generated  coherence  on  the 
Raman  induced  electron  spin  coherence  which  could  be  measured  [Conference  publication  1], 
The  predicted  changes  as  a  function  of  magnetic  field  in  phase  and  amplitude  of  the  spin 
precession  were  indeed  found  experimentally  [Journal  publication  2],  In  collaboration  with  Liu 
and  Sham,  Economou  built  a  complete  theoretical  framework  to  understand  the  differences  and 
similarities  of  different  physical  systems,  such  as  atoms,  ions  and  quantum  dots,  in  their  Raman 
process  behavior.  The  driving  principle  identified  is  the  interplay  between  the  symmetry 
breaking  due  to  external  fields  and  the  selection  rules  of  optical  transitions.  A  variety  of  results 
follow  different  measurement  paths  of  the  emitted  photons  in  the  Raman  processes.  An 
exhaustive  investigation  of  the  unified  theory  was  published  [Journal  publication  1], 

Ms  Economou  collaborated  with  Professor  Steel's  experimental  group  by  investigating  the 
simplest  possible  way  to  demonstrate  initialization  and  a  single  qubit  rotation  [Conference 
publication  2],  Consideration  of  the  dynamics  of  the  spin  vector  which  can  be  optically  excited  to 
the  trion  states  shows  the  capability  of  a  single  pulse  to  initialize  a  spin  qubit  with  an  ideal 
efficiency  of  50%  and  the  use  of  a  detuned  transitionless  pulse  for  a  Rabi  rotation  between  one 
spin  state  and  the  trion  to  effect  a  ix/4  rotation  about  the  optical  axis  (z).  A  static  magnetic  field  in 
an  in-plane  direction  (x)  causes  the  spin  vector  to  precess  in  the  y-z  plane  whose  projection  along 
the  z  direction  can  be  optically  measured  by  a  probe  beam  by  our  experimental  group.  She  has 
demonstrated  by  simulation  of  controlled  Raman  processes  that  a  single  pulse  causes  a  spin  qubit 
initialization  close  to  50%  efficiency,  that  a  subsequent  detuned  pulse  generates  a  spin  rotation 
from  the  spin  vector  when  in  the  -y  direction,  and  that  a  third  one  restoring  the  spin  to  the  spin 


1 


state  in  the  -y  direction.  The  optical  measurements  along  of  the  spin  vector  along  the  z  direction 
will  show  spin  oscillations  (as  have  already  been  experimentally  demonstrated)  between  the  first 
(initialization)  pulse  and  the  second  (rotation)  pulse,  and  spin  oscillations  between  the  second 
and  the  third  (inverse  rotation)  pulse.  The  middle  precession  train  will  have  a  distinctly  reduced 
amplitude  because  of  higher  latitude  towards  the  x  axis  after  the  ji/4  rotation.  The  fidelity  of  the 
rotation  in  comparison  with  the  ideal  design  is  calculated  in  the  simulation  to  be  96%. 

Experimental  study  led  by  Ms  Yanwen  Wu  [Conference  publication  3]  showed  the  generation  of 
spin  coherence  by  the  first  pulse  and  phase  change  effects  of  a  second  (control)  pulse  as 
functions  of  the  probe  time,  the  time  of  the  control  pulse  and  its  pulse  area.  The  phase  and 
amplitude  changes  after  the  control  pulse  can  be  understood.  We  are  trying  to  analyze  the  effects 
of  the  imperfect  optical  Rabi  rotation  in  the  second  control  pulse. 

Economou  plans  to  complete  her  Ph.D.  thesis  by  early  May,  2006  and  to  defend  her  thesis  before 
the  end  of  May. 


II.  ATTACHMENT  OF  2  PAPERS  AND  3  CONFERENCE  PROCEEDINGS 


2 


PHYSICAL  REVIEW  B  71,  195327  (2005) 


Unified  theory  of  consequences  of  spontaneous  emission  in  a  A  system 


Sophia  E.  Economou,1  Ren-Bao  Liu,1  L.  J.  Sham,1  and  D.  G.  Steel2 
1  Department  of  Physics,  University  of  California  San  Diego,  La  Jolla,  California  92093-0319,  USA 
2The  H.  M.  Randall  Laboratory  of  Physics,  University  of  Michigan,  Ann  Arbor,  Michigan  48109,  USA 
(Received  19  January  2005;  published  26  May  2005) 


In  a  A  system  with  two  nearly  degenerate  ground  states  and  one  excited  state  in  an  atom  or  quantum  dot, 
spontaneous  radiative  decay  can  lead  to  a  range  of  phenomena,  including  electron-photon  entanglement, 
spontaneously  generated  coherence,  and  two-pathway  decay.  We  show  that  a  treatment  of  the  radiative  decay 
as  a  quantum  evolution  of  a  single  physical  system  composed  of  a  three-level  electron  subsystem  and  photons 
leads  to  a  range  of  consequences  depending  on  the  electron-photon  interaction  and  the  measurement.  Different 
treatments  of  the  emitted  photon  channel  the  electron-photon  system  into  a  variety  of  final  states.  The  theory 
is  not  restricted  to  the  three-level  system. 

DOI:  10.1 103/PhysRevB.7 1 .195327  PACS  number(s):  78.67.Hc,  42.50.Md.  42.50.Q 


I.  INTRODUCTION 

The  electromagnetic  vacuum  is  commonly  considered  as 
a  reservoir  which  causes  decoherence  and  decay  of  a  quan¬ 
tum  mechanical  system  coupled  to  it.  An  alternative  view 
holds  that  the  two  subparts  (“quantum  system”  and  “bath”) 
are  constituents  of  a  single  closed  quantum  mechanical 
whole,  which  is  governed  by  unitary  evolution  until  a  pro¬ 
jection  (measurement)  is  performed.  Different  projections 
may  give  rise  to  a  variety  of  phenomena  which  on  the  sur¬ 
face  appear  unrelated.  Spontaneous  emission  is  a  quantum 
phenomenon  which  has  been  treated  in  both  ways.  Its  effects 
are  of  interest  from  the  views  of  both  fundamental  physics 
and  applications. 

The  radiative  decay  of  a  three-level  system  is  attractive 
for  its  simplicity  and  yet  richness  in  physical  phenomena.  A 
variety  of  effects  follow  from  the  spontaneous  decay.  Those 
which  involve  semiclassical  light  and  ensemble  of  atoms  in¬ 
clude  the  electromagnetic  ally  induced  transparency1  and  las¬ 
ing  without  inversion.2  By  definition,  a  A  system  has  two 
nearly  degenerate  ground  states  which  are  dipole  coupled  to 
one  excited  state  for  optical  transitions.  We  shall,  for  con¬ 
ciseness,  refer  to  the  states  as  electronic  states  in  an  atom  or 
quantum  dot.  The  decoherence  and  decay  effects  for  a  single 
A  system  are  relevant  to  quantum  computating  and  informa¬ 
tion  processing,  for  example,  in  many  implementation 
schemes, 3-7  which  can  be  more  practical  than  the  direct  ex¬ 
citation  of  the  two-level  system. 

A  A  system  initially  in  the  excited  state  will  eventually 
decay  by  the  emission  of  a  photon.  This  process  may  result 
in  the  entanglement  of  the  A  system  with  the  emitted  photon. 
Recently,  entanglement  between  the  hyperfine  levels  of  a 
trapped  ion  and  the  polarization  of  a  photon  spontaneously 
emitted  from  the  ion  was  demonstrated  experimentally.8 

In  quantum  optics  of  the  atom,  coupling  to  the  modes  of 
the  electromagnetic  vacuum  can  contribute  to  coherence  be¬ 
tween  atomic  states,  and  such  terms  have  been  implicit  in  the 
textbook  treatment  of  spontaneous  radiative  decay9  or  indeed 
explicit  in  research  papers.10  In  the  early  1990s,  it  was 
pointed  out  that  in  a  A  system  the  spontaneous  decay  of  the 
highest  state  to  the  two  lower  ones  may  result  in  a  coherent 
superposition  of  the  two  lower  states.11  The  conditions  for 


this  spontaneously  generated  coherence  (SGC)  as  presented 
in  Ref.  11  are  that  the  dipole  matrix  elements  of  the  two 
transitions  are  nonorthogonal  and  that  the  difference  between 
the  two  frequencies  is  small  compared  to  the  radiative  line- 
width  of  the  excited  state. 

The  final  example  is  the  so-called  two-pathway  decay  in 
which  a  A  system — as  opposed  to  a  V  system — cannot  ex¬ 
hibit  quantum  beats  because  the  information  on  which  the 
decay  path  of  the  system  is  in  principle  available  by  detec¬ 
tion  of  the  atom,  and  therefore  no  beats  are  expected  (p.  19 
of  Ref.  12). 

All  of  the  phenomena  listed  above,  when  viewed  sepa¬ 
rately,  appear  unrelated,  if  not  down-right  contradictory.  In 
fact,  they  stem  from  the  same  process,  namely  the  radiative 
spontaneous  decay  of  a  A  system.  The  primary  purpose  of 
this  paper  is  to  show  how  they  naturally  emerge  from  the 
same  time-evolved  composite  state  of  the  whole  system  (A 
subsystem  and  the  electromagnetic  modes).  From  this  treat¬ 
ment,  follow  the  conditions  for  each  effect  in  terms  of  the 
electron-photon  coupling  and  in  terms  of  different  ways  of 
projecting  the  photon  state  by  measurement.  We  also  show 
how  a  change  of  symmetry  of  the  system — by  the  introduc¬ 
tion  of  a  perturbation — may  determine  whether  or  not  a  SGC 
will  occur. 

The  second  goal  of  this  work  is  to  analyze  these  effects  in 
the  solid  state,  where  the  two  lower  levels  of  the  A  system 
are  the  spin  states  of  an  electron  confined  in  a  semiconductor 
quantum  dot.  For  this  system,  SGC  has  been  given  a  theo¬ 
retical  analysis  and  experimental  demonstration,13  and  we 
further  propose  here  an  experiment  for  the  demonstration  of 
spin-photon  polarization  entanglement.  In  our  treatment,  we 
distinguish  between  a  single  system  and  an  ensemble  for  the 
various  phenomena;  in  this  context,  we  make  a  comparative 
study  of  the  solid-state  and  the  atomic  system. 

This  paper  is  organized  as  follows  In  Sec.  II,  we  present 
the  time  evolution  of  the  decay  process  which  leads  to  the 
conditions  for  the  occurrence  of  each  of  the  listed  phenom¬ 
ena.  In  Sec.  Ill,  we  deduce  a  set  of  conditions  on  the  sym¬ 
metry  of  the  system  for  SGC.  Sections  IV  and  V  illustrate 
these  conditions  by  specific  examples  from  atomic  and  solid- 
state  systems,  respectively.  We  also  present  the  theory  of  the 
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pump-probe  experiment  and  derive  the  probe  signal,  which  is 
altered  by  the  SGC  term  (Sec.  VI). 

II.  SPONTANEOUS  EMISSION  AS  QUANTUM 
EVOLUTION 


Consider  a  single  A  system  in  a  photon  bath  with  modes 
\k),  where  A=(k,cr),k  being  the  wave  vector  and  a  the  state 
with  the  polarization  vector  e^.  In  the  dipole  and  rotating- 
wave  approximation,  the  Hamiltonian  for  the  whole  system 
is  given  by 

3 

H  =  2  ukblbk  +  2  ei|i)<i|  +  2  ***4|/><3| 

k  1=1  k;i=  1,2 

+  2  g*Al3XJ1>  (1) 

k;i=l,2 

where  bk  destroys  a  photon  of  energy  or  frequency 
cok  (fi=\)  and  );)  is  the  electronic  state  with  energy  or  fre¬ 
quency  €j.  The  coupling  between  the  photon  and  the  electron 
is  gikccE(r-di,  where  d,  is  the  dipole  matrix  element  for  the 
transition  3  <->i.  The  A  system  is  taken  to  be  at  f=0  in  the 
excited  level  |3)  (which  can  be  prepared  by  a  short  pulse), 
and  the  photon  bath  is  in  the  vacuum  state,  i.e.,  the  whole 
system  is  in  a  product  state.  For  t> 0,  the  composite  wave 
packet  can  be  written  as 

l'A0)>  =  c3(f)|3)|vac>  +  2  cu(0|l)|*)  +  2  c2k{t)\l)\k), 

k  k 

(2) 

where  |vac)  is  the  photon  vacuum  state.  Evolution  of  this 
state  is  governed  by  the  Schrodinger  equation. 

By  the  Weisskopf-Wigner  theory14  of  spontaneous 
emission,12  the  coefficient  c3  is  obtained  by  one  iteration  of 
the  other  coefficients: 

dfz  =  ~  ie3c3  -  2  |gu-|2  f  e~,{e'+,°k)(,-'')c3(t')dt' , 
k  Jo 

-2|S2A-I2f  e-'(^X«')C3 (t')dt'.  (3) 

k  Jo 


Since  the  electron-photon  coupling  is  much  weaker  than  the 
transition  energy  in  the  A  system,  the  integrals  in  the  equa¬ 
tion  above  can  be  evaluated  in  the  Markovian  approximation, 
resulting  in: 


r31  r32 

d,c3  ie3c3  -  —c3  -  — c3, 


(4) 


where 


r3/  =  22  \g2k\2  [  e-^^dt' .  (5) 

k  Jo 


Thus,  the  solution  is 

c3 «  e-(‘f3+>72k  (6) 

where  r  =  r31  +  r32  is  the  radiative  linewidth  of  the  excited 
state.  Furthermore,  c\k  and  c2/(  are  given  by 


clk  1 


8lk 


-[e-'(ei+“*)'-  e-'e3,-2']. 


e3-  ex-  wk  -  i~ 


c2k  «  _ - ^ -  [e— ite+a.*)' _ 

e3  ~  e2  ~  Mk  ~  ^ 

In  order  to  study  the  system  in  the  2X2  subspace  of  the 
lower  states,  we  take  the  limit  fS>r-1.  After  the  spontaneous 
emission  process,  the  final  state  is  a  electron-photon  wave- 
packet  'Ek.i=l  2cik\i)\k),  with  the  coefficients 


c\k  ! 


g\k 


-/(ei+G>pf 


(7) 


e3  -  e,  -  (ok-  i  r 


c2k  «  - - — - (8) 

e3  -  e2  -  o)k-  i~ 

The  state  of  a  photon  is  specified  by  its  propagation  direction 
n,  polarization  o^Eg-Tn)  ,  and  frequency  u>.  So,  we  can  for¬ 
mulate  the  total  wave  packet  as 

2  [gi<JE_'ei1l)|n,o-,/1(f))  +  i?2(7£''e2r|2)|n,o-,/2(f))],  (9) 

n,cr 

where  we  have  taken  the  coupling  constants  to  be  frequency- 
independent.  In  Eq.  (9)  /;(f)  is  the  pulse  shape  of  the  photon. 
From  Eqs.  (7)  and  (8),  we  see  that  the  photon  wave  packet 
has  a  finite  bandwidth;  this  point,  which  was  first  studied  by 
Weisskopf  and  Wigner  in  their  classic  treatment  of  spontane¬ 
ous  emission,14  is  reflected  in  the  structure  of  fj(t).  These 
functions  have  a  central  frequency  equal  to  e3-e;  and  a 
bandwidth  equal  to  T.  As  a  consequence  of  the  finite  band¬ 
width,  for  a  given  propagation  direction  and  polarization,  the 
basis  states  {|n,  cr,fj)}  are  not  orthogonal,  the  overlap 
between  them  being 

<n,  cr,//|n,  <T,fj)  =  .  ,  (10) 

lT  +  €,j 

where  e/;  =  e,-  er 

We  should  emphasize  that  the  wave  packet  formed  in  Eq. 
(9)  does  not  rely  on  the  Markovian  approximation.  In  a  full 
quantum  kinetic  description  of  the  photon  emission  process, 
the  wave  packet  of  the  whole  system  would  still  have  the 
same  form,  the  central  frequency  and  bandwidth  of  the 
pulses  would  be  close  to  those  found  using  the  Markovian 
approximation,  but  the  specific  profile  of  fj(t)  would  be  dif¬ 
ferent  from  those  given  by  Eqs.  (7)  and  (8). 

The  various  phenomena  (electron  and  photon  polarization 
entanglement,  SGC,  and  two-pathway  decay)  can  all  be  de¬ 
rived  from  the  wave  packet  of  Eq.  (9). 

If  the  spontaneously  emitted  photon  is  not  detected  at  all, 
we  have  to  average  over  the  ensemble  of  photons  of  all  pos¬ 
sible  propagation  directions  to  obtain  the  electronic  state. 
This  is  the  usual  textbook  treatment  of  spontaneous  emis- 
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sion.  However,  if  detection  of  an  emitted  photon  leads  to  a 
knowledge  that  its  direction  of  propagation  is  n0,  then  the 
(unnormalized)  electron-photon  wave  packet  should  be  pro¬ 
jected  along  that  direction: 

2  1  )lno°",/i (f)>  +  g2r^~l€2,\2)\n0,a,f2(t))]. 

a 

(ii) 

When  the  two  transitions  are  very  close  in  frequency,  i.e., 
rj=  |  el  -  e2|  /T  <8  1 ,  the  overlap  of  the  two  photon  wave  pack¬ 
ets  deviates  from  unity  by  O(rj).  After  tracing  out  the  enve¬ 
lopes  of  the  photon  by  use  of  any  complete  basis  (e.g., 
monochromatic  states),  the  state  of  the  electron  and  photon 
polarization  is,  with  the  propagation  direction  n0  understood, 

|Y)  =  \W2  [gi0-|l>k>  +  g20-l2>k>]  +  0{rj),  (12) 

a 

where  A  is  a  normalization  constant,  given  by 

n-'  =  2  2  M2.  (i3) 

7=1,2  a=a,(3 

The  order  rj  error  recorded  here  is  meant  to  indicate  the 
magnitude  of  the  mixed-state  error  which,  if  neglected,  re¬ 
sults  in  a  pure  state.  From  this  pure  state,  we  can  find  explic¬ 
itly  the  necessary  conditions  for  entanglement  or  SGC.  How¬ 
ever,  the  approximation  of  neglecting  77  is  unnecessary  for 
computing  a  measure  of  entanglement  of  the  resultant  mixed 
state.15 


A.  Entanglement 

A  measure  of  entanglement  of  the  bipartite  state  |Y)  in 
Eq.  (12)  is  given  by  the  von  Neumann  entropy  of  the  reduced 
density  matrix  of  the  state16  for  either  the  subsystem  E  of  the 
two  low-lying  electronic  states  or  the  subsystem  P  of  the 
photon  polarization  states.  Taking  the  partial  trace  of  the  po¬ 
larization  states  of  the  density  matrix  |Y)(Y|  of  the  pure  state 
leads  to  the  2X2  reduced  density  matrix  for  the  electronic 
states, 

PE  =  N'2j\i)  2  giSja 
ij  L  <r 

Diagonalization  of  this  partial  density  matrix  leads  to  two 
eigenvalues. 


where  D 2  is  the  determinant  of  the  reduced  density  matrix 
Pe ,  or 

D  =  N\gXagll3-glf3g2a\,  (16) 

for  the  two  electronic  state  and  two  polarizations,  a,  (3,  nor¬ 
mal  to  the  propagation  direction  n0.  The  entropy  of  entangle¬ 
ment  is  given  by  the  entropy, 

S  =  -  /7+log2p+  -  /ulogj/?. .  (17) 

As  D  ranges  from  0  to  1/2,  the  entropy  ranges  from  0  to  1 
giving  a  continuous  measure  of  entanglement  as  the  state  |Y) 


goes  from  no  entanglement  to  maximum  entanglement.  To 
find  the  axis  n0  along  which  the  entanglement  is  maximum, 
we  have  to  maximize  D  as  a  function  of  the  orientation.  For 
a  particular  system,  this  axis  can  be  found  in  terms  of  the 
dipole  matrix  elements  of  the  two  transitions.  However,  not 
all  systems  can  have  maximally  entangled  states.  We  will 
apply  this  to  specific  examples  in  the  following  section. 


B.  SGC 

From  the  reduced  density  matrix,  we  can  also  find  the 
conditions  for  SGC.  Maximum  SGC  occurs  when  the  re¬ 
duced  density  matrix  is  a  pure  state.  In  terms  of  the  electron- 
photon  coupling  constants,  the  condition  is  the  vanishing  of 
the  discriminant  D  in  Eq.  (16).  This  means  that  when  the 
SGC  effect  is  maximized,  there  exists  a  particular  transfor¬ 
mation  which  takes  the  basis  of  the  electronic  states  {|  1) ,  |2)} 
to  a  basis  {|£>),|2?)}  which  has  the  property  that  | B)  is  always 
the  final  state  of  the  A  system  immediately  after  the  sponta¬ 
neous  emission  process,  and  | T>)  is  a  state  disconnected  from 
the  excited  state  by  dipolar  coupling,  i.e.,  a  dark  state.  This 
point  will  be  further  explored  in  Sec.  III.  The  extreme  values 
of  D  =  0  and  1  / 2  make  it  clear  that  maximum  SGC  means  no 
entanglement,  and  conversely  that  maximal  entanglement 
leads  to  no  SGC.  However,  partial  entanglement  can  coexist 
with  the  potentiality  of  some  SGC  for  values  of  D  between 
the  two  extremes. 

Our  theory  can  be  easily  extended  to  systems  with  more 
than  two  ground  states.  For  example,  in  a  system  whose 
ground  states  are  the  four  states  from  two  electron  spins,  the 
SGC  may  lead  to  the  coherence  and  entanglement  between 
the  two  spins,  which  is  the  mechanism  of  a  series  of  propos¬ 
als  of  using  vacuum  fluctuation  to  establish  entanglement 
between  qubits17-18. 


C.  Two-pathway  decay 

So  far,  we  have  investigated  the  consequences  when  the 
two  transitions  are  close  in  frequency  (?7<S1).  When  this  is 
not  the  case,  the  tracing  out  of  the  wave  packet  will  generally 
produce  a  mixed  state  in  electron  spins  and  photon  polariza¬ 
tions.  In  the  limit  of  large  77,  i.e.,  |  e2-  C  k  T,  the  overlap 
between  the  two  photon  wave  functions,  (/)(f)|/2(f))  —  0, 
and  the  reduced  density  matrix  for  the  spin  and  photon  po¬ 
larization  would  be  mixed.  In  this  case,  there  is  neither  spin- 
polarization  entanglement  nor  SGC,  but  instead  the  time  de¬ 
velopment  can  be  described  as  a  two-pathway  decay  process: 
The  excited  state  can  relax  to  two  different  states  by  the 
emission  of  photons  with  distinct  frequencies.  For  77  between 
these  two  limits,  the  state  in  Eq.  (11)  may  lead  to  an  en¬ 
tanglement  between  the  pulse  shapes  of  the  photon  and  the 
two  lower  electronic  levels  on  measuring  the  photon  polar¬ 
ization.  Furthermore,  from  the  entangled  state  in  Eq.  (11), 
SGC  or  polarization  entanglement  may  still  be  recovered 
(provided  of  course  that  the  necessary  conditions  on  the  g’s 
are  satisfied)  if  the  quantum  information  carried  by  the  fre¬ 
quency  of  the  photon  is  erased19.  This  can  be  done  by  chop¬ 
ping  part  of  the  photon  pulse,  and  thus  subjecting  its  fre¬ 
quency  to  (more)  uncertainty.  In  a  time-selective 
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measurement,  only  photons  emitted  at  a  specific  time  period, 
say  from  t0  to  t0+dt,  are  selected.  So  the  projection  operator 
associated  with  this  measurement  is  p0=|<5(f-f0))(<5(f-f0)|, 
which  represents  a  S  photon  pulse  passing  the  detector  at 
t=tQ.  The  projected  state  after  this  measurement 

2  [g\J i(fo)|l)  +  <?2o-/2(fo)|2)]|noo-)  (18) 

(T 

is  a  pure  state  of  the  electron  and  photon  polarization,  so  that 
entanglement  or  SGC  is  restored.  By  writing  the  projector  in 
the  frequency  domain 

P0=  J  dcoj  |w')(w|,  (19) 

we  see  that  it  can  be  understood  as  a  broadband  detector  with 
definite  phase  for  each  frequency  channel;  thus,  it  can  erase 
the  frequency  (which  path)  information  while  retaining  the 
phase  correlation.  We  note  that  a  usual  broadband  detector 
without  phase  correlation  is  not  sufficient  to  restore  the  pure¬ 
ness  of  the  state.  It  is  also  interesting  that  SGC  and  entangle¬ 
ment  can  be  controlled  by  choosing  a  different  detection  time 
tQ,  as  seen  from  Eq.  (18). 


III.  SYMMETRY  CONSIDERATIONS  FOR  SGC 

In  this  section,  we  investigate  the  symmetry  relations  be¬ 
tween  the  different  parts  of  the  Hamiltonian  necessary  for 
SGC  terms  to  appear.  Our  treatment  is  not  restricted  to  A 
systems,  but  can  be  extended  to  a  system  with  more  than  two 
lower  levels. 

Consider  a  quantum  mechanical  system  with  one  higher- 
energy  level  \e)  and  a  set  of  lower-lying  states,  described  by 
a  Hamiltonian  H°.  Taking  into  account  only  dipole-type  in¬ 
teractions,  denote  by  Jz  the  polarization  operator  used  in  the 
selection  rules.  The  z  axis  is  defined  by  the  excited  state  via 

J,\e)  =  Me\e). 

Note  that  Jz  can  be  either  Jz,  where  J=L  +  S  is  the  total 
angular  momentum  operator  and  S  is  the  spin,  or  Lz,  as  de¬ 
termined  by  the  condition 

UZ,H°]  =  0. 

That  is  to  say  that  there  is  an  axial  symmetry  in  the  system 
associated  with  Jz.  Among  the  lower  lying  states,  the  ones  of 
interest  are  the  ones  appearing  in  the  final  entangled  state  |Y) 
of  the  whole  system.  We  will  refer  to  these  states  as  “bright”, 
because  they  are  orthogonal  to  the  familiar  dark  states  from 
quantum  optics.  There  are  at  most  three  such  states,  {Bj}, 
within  a  given  degenerate  manifold,  corresponding  to  the 
three  different  possible  projections  of  the  dipole  matrix  ele¬ 
ments  along  the  z  axis,  so  j  =1,0,1.  In  general,  not  all  sys¬ 
tems  will  have  all  three  bright  states.  This  concept  that  the 
final  state  involves  only  a  small  number  of  states  (three  in 
our  case),  gives  a  physical  understanding  of  the  electron- 
photon  entangled  state.20 

In  order  to  have  SGC,  i.e.,  one  or  more  terms  of  the  type 
Pjk  =  T Pe(„  with  j±k  and  j,k¥=e,  there  has  to  be  a  perturba¬ 


tion  Hb  that  breaks  the  symmetry  associated  with  Jz,  in  par¬ 
ticular,  the  following  conditions  have  to  be  satisfied: 

1.  \HB,JZ]*  0; 

2.  HB\e)  °c  |e); 

3.  |e12|sr. 

In  general,  we  expect  SGC  between  two  eigenstates  of  the 
Hamiltonian  H=H°  +HB  which  have  nonzero  overlap  with 
the  same  bright  state.  The  role  of  the  first  condition  is  to 
make  SGC  nontrivial;  without  this  condition,  it  would  al¬ 
ways  be  possible  to  rotate  to  a  different  basis  and  formally 
acquire  an  SGC-like  term  in  the  equations  (e.g.,  by  rotating 
to  the  x  basis  in  the  zero-magnetic  field  case  in  the  heavy- 
hole  trion  system  discussed  below).  The  second  condition 
ensures  that  the  excited  state  will  not  mix  under  the  action  of 
Hb\  relaxing  this  condition  gives  rise  to  the  Hanle  effect,9,12 
in  which  an  ensemble  of  atoms  in  a  magnetic  field  is  illumi¬ 
nated  with  an  x -polarized  pulse  and  the  reradiated  light  may 
be  polarized  along  y.  This  effect  is  another  example  where 
coherence  plays  an  important  role;  it  has  recently  been  ob¬ 
served  in  doped  GaAs  quantum  wells,  in  the  heavy-hole  trion 
system  with  confinement  in  one  dimension.21  We  shall  dis¬ 
cuss  the  quantum  dot  case  below.  As  shown  in  Sec.  II,  when 
the  radiative  linewidth  of  the  excited  state  is  smaller  than  the 
energy  differences  of  the  lower  states  the  SGC  effect  will  be 
averaged  out.  The  third  condition  provides  the  valid  regime 
for  the  occurrence  of  this  phenomenon. 

The  perturbation  HB  can  be  realized  by  a  static  electric  or 
magnetic  field,  by  the  spin-orbit  coupling,  hyperfine  cou¬ 
pling,  etc.  Note  the  different  origins  of  HB  in  different  sys¬ 
tems  and  that  it  may  or  may  not  be  possible  to  control  HB. 
Examples  of  various  systems  follow,  exhibiting  the  above 
conditions  and  demonstrating  the  different  origins  of  HB. 

IV.  EXAMPLES  FROM  ATOMIC  PHYSICS 
A.  SGC  in  atoms 

Consider  an  atom  with  Hamiltonian  H°;  excluding  rela¬ 
tivistic  corrections,  it  can  be  diagonalized  in  the 
| N,L,S,Ml,Ms)  basis.  Consider  as  the  system  of  interest  the 
subspace  of  H°  formed  by  \N,  1 , 1 , 1 , 1)  =  \e)  and  the  lower- 
energy  states  | N-1,L,S,Ml,Ms).  The  various  quantum 
numbers  are,  of  course,  restricted  by  selection  rules,  and 
JZ=LZ  .  Here,  we  will  list  only  the  three  bright  states: 

\Bi)  =  \N-  1,2,1, 2,1), 

\B0)  =  \N-  1,2,1, 1,1), 

\Bi)  =  a\N-  1,2, 1,0, 1)  +  b\N  -  1,0,1, 0,1). 

where  the  coefficients  a  and  b  can  be  determined  in  the  fol¬ 
lowing  way.  In  the  original  | NJMjLS)  basis,  the  matrix  ele¬ 
ments  for  the  transitions  \N- 1 ,2, 1 ,0,  l)<-> \N,  1 , 1 , 1 , 1)  and 
\N—  1 ,0, 1 ,0,  l)<->  \N,  1 , 1 , 1 , 1)  are  given  by  the  Wigner- 
Eckart  theorem.  By  rotating  to  the  {|£>),|27)}  basis,  and  re¬ 
quiring  the  transition  \T>)  <->  \N,  1 , 1 , 1 , 1 )  to  be  forbidden,  we 
find  a  and  b.  Inclusion  of  the  spin-orbit  interaction,  which 
plays  the  role  of  HB,  i.e.,  IIH=  aL  •  S,  condition  (i)  is  satisfied, 
the  eigenstates  of  HB  being  | NJMjLS).  Condition  (ii)  is  also 
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satisfied,  because  \e),  as  the  state  of  maximum  ML  and  Ms, 
does  not  mix  under  the  spin-orbit  coupling.  In  the  new  basis, 
SGC  is  expected  to  occur  between  states  with  the  same  value 
of  Mj,  which  can  also  be  verified  by  direct  calculation.  In 
this  example,  the  linewidth  of  \e)  is  much  smaller  than  the 
spin-orbit  coupling  strength  a.  Typical  values  in  atoms  are 
re~l  /jl  eV  and  a~  1  meV,  which  means  that  SGC  will  not 
be  observed  in  such  a  system. 


B.  Entanglement  and  SGC  of  atomic  hyperfine  states 


In  this  example,  the  A  system  is  formed  by  the  hyperfine 
states  of  a  single  trapped  Cd  ion  in  the  presence  of  a 
magnetic  field  along  the  z  axis.  In  the  \FMf)  basis,  the  ex¬ 
cited  state  is  |2 1)  and  the  two  lower  levels  are  1 1 1)  and  1 10). 
The  two  lower  levels  have  the  same  principle  quantum  num¬ 
ber  N.  The  entanglement  between  the  polarization  of  the 
photon  and  the  atom  has  been  demonstrated  experimentally.8 
To  illustrate  the  methods  developed  in  Sec.  H,  we  will  make 
use  of  the  fact  that  the  two  lower  levels  are  states  of  definite 
angular  momentum  and  its  projection  to  the  z  axis.  Then,  by 
the  Wigner-Eckart  theorem  we  know  that  the  dipole  moment 
of  the  transition  |21) — s- 1 10)  has  a  nonzero  component  only 
along  e+=x+/y  whereas  that  of  |21)— >|ll)  has  only  a  com¬ 
ponent  along  z.  The  wave  packet  of  the  system  is  then  given 
by 

-  V2sin  #|#)|ll)  +  g-'^cos  #|#)|10)  -  ie~llp |<p)|l0) 

V2  +  sin2# 


(20) 


where  #  and  ip  are  the  spherical  coordinates  measured  from 
z  and  x  axis,  respectively,  and  1 #)  and  |  <p)  are  the  polarization 
basis  states,  which  are  linearly  polarized  parallel  and  normal 
to  the  plane  formed  by  the  z  axis  and  the  propagation  direc¬ 
tion,  respectively.  Then,  from  Eq.  (20),  we  read  off  the  g’s: 

gi& oc-  \'2sin  #,  (21) 


Slip  0, 


(22) 


eigenstate  of  the  operator  Jz  (total  angular  momentum  along 
z),  but  not  after  the  measurement  in  general.  The  magnetic 
field  along  the  z  axis  is  included  in  the  Hamiltonian  H°.  If 
the  spontaneously  emitted  photons  are  measured  along  the 
quantization  axis,  only  the  ones  emitted  from  the  transition 
|2 1)  — >  1 10)  will  be  detected,  since  only  their  polarization  al¬ 
lows  propagation  along  z.  On  the  other  hand,  a  photon  de¬ 
tector  placed  at  a  finite  angle  from  z  can  play  the  role  of  HB. 
Suppose  a  photon  is  spontaneously  emitted  along  an  axis  n 
=  (#,  (p).  The  density  matrix  of  the  state  given  by  Eq.  (20)  is 
|Y)(Y|.  If  we  are  only  interested  in  the  dynamics  of  the  ion, 
and  the  polarization  of  the  photon  is  not  measured,  then  the 
photon  polarization  has  to  be  traced  out.  Then  the  reduced 
density  matrix  of  the  system  in  the  atomic  states  is 

cos2#  +  1  \'2e~!<p cos  #sin  # 

\/2e+,lf,cos  #sin  #  2  sin2# 

(26) 

The  off-diagonal  elements  express  coherence  between  the 
hyperfine  states  with  dependence  on  the  photon  propagation 
direction.  We  can  check  that  for  #=0  the  probability  of  the 
atom  being  in  the  1 1 1)  state  is  zero  and  there  are  no  off- 
diagonal  elements,  and  for  #=  it/ 2  the  off-diagonal  elements 
are  also  zero,  which  means  there  is  no  SGC,  but  the  state  has 
the  maximum  possible  entanglement.  For  all  the  intermediate 
values  of  #,  the  hyperfine  states  and  the  photon  polarization 
are  entangled,  and  there  is  also  some  SGC  when  the  photon 
is  traced  out.  Maximum  SGC  occurs  when  D  is  minimized; 
from  Eq.  (25)  we  see  that  it  is  zero  for  #=0.  This  is  expected 
anytime  one  of  the  two  transitions  involves  a  linearly  polar¬ 
ized  photon,  since  the  latter  cannot  propagate  along  the 
quantization  axis.  So,  for  this  orientation,  the  final  state  can 
only  be  1 10).  For  intermediate  angles,  for  instance  f)=  tt/4, 
there  is  both  entanglement  and  SGC  involving  both  lower 
states,  when  the  photon  is  traced  out.  Since  SGC  only  occurs 
for  particular  photon  propagation  directions,  we  could  view 
it  as  “probabilistic”  SGC. 

V.  EXAMPLES  FROM  SOLID-STATE  PHYSICS 


1 

^ E  2  +  sin2# 


g2#  a  e  lipcos  #, 


(23) 


A.  Heavy-hole  trion  system  in  a  magnetic  field 


giv**-*,  (24) 

where  1 1 1)  =  1 1 )  and  1 10)  =  |2).  The  measure  of  entanglement 
by  D  is 


V2sin  # 
\'2  +  sin2# 


(25) 


The  maximum  possible  entanglement  occurs  at  #=7r/2,  i.e., 
whenever  the  photon  propagates  perpendicularly  to  z.  The 
maximum  value  of  0.47  is  close  to  being  maximally  en¬ 
tangled.  D  does  not  depend  on  <p,  as  expected  since  there  is 
azimuthal  symmetry  about  z. 

In  terms  of  SGC  and  symmetry,  it  is  interesting  to  notice 
that  the  role  of  the  (external  or  internal)  field,  HB,  introduced 
in  Sec.  Ill  can  be  played  by  the  different  projections  (mea¬ 
surements)  because  the  state  before  the  measurement  is  an 


In  the  optical  control  of  the  electron  spin  in  a  doped  quan¬ 
tum  dot,4  a  static  magnetic  field  is  imposed  in  a  fixed  direc¬ 
tion  at  an  angle  i/j  with  respect  to  the  propagation  of  the 
circularly  polarized  pulse  along  the  growth  direction  of  the 
dot,  defined  as  the  z  axis.  The  two  eigenstates  of  the  electron 
spin  along  the  field  direction  and  the  intermediate  trion 
(bound  state  of  an  exciton  with  the  excess  electron)  state  in 
the  Raman  process  form  a  three -level  A  system.  The  trion 
state  of  interest  consists  of  a  p-like  heavy  hole  and  a  pair  of 
electrons  in  the  singlet  state.  The  g -factor  in  the  xy  plane  of 
the  heavy  hole  is  approximately  zero  in  magnetic  fields  up  to 
5  T  (Ref.  22),  and  the  two  electrons  are  in  a  rotationally 
invariant  state.  This  means  that  the  trion  state,  although  it  is 
spin  polarized  along  z„  will  not  precess  about  a  perpendicular 
B  field.  Therefore,  it  can  be  described  by  the  “good”  quan¬ 
tum  numbers  /=  3/2  and  its  projection  along  z,Mj=  3/2.  The 
lower  levels  1 1 ) ,  |2)  are  the  eigenstates  of  the  spin  along  the 
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direction  of  the  B  field  and  have  j=  1/2  and  iiij=  1  /2 ,  —  1  / 2, 
respectively. 

To  check  if  this  system  will  have  SGC,  we  will  examine 
whether  the  conditions  of  Sec.  Ill  are  satisfied.  We  take  H°  to 
be  the  Hamiltonian  of  the  quantum  dot,  with  |e)=|r),  the 
trion  state  described  above,  excited  by  cr+ light;  JZ=JZ,  since 
the  spin-orbit  interaction  is  included  in  H°,  and  any  compo¬ 
nent  of  the  B  field  along  z  can  also  be  included.  HB  is  the 
contribution  to  the  Hamiltonian  due  to  the  magnetic  field 
along  x.  Condition  (1)  is  fulfilled  since  gx—  0,  and  condition 
(2)  is  obviously  satisfied.  The  only  bright  state  is  the  electron 
spin  sz  eigenstate,  |z)  =  |  T )-  F°r  later  use,  we  also  define  |z) 
=  ||).  Therefore,  we  expect  SGC  between  states  |l)  and  \2) 
for  any  angle  i/j,  and  since  the  linewidth  of  the  trion  is  large 
enough  compared  to  the  Zeeman  splitting,  SGC  should 
moreover  have  a  detectable  effect.  As  a  matter  of  fact,  it  has 
already  been  demonstrated  experimentally  for  this  system, 
and,  to  the  best  of  our  knowledge,  it  is  the  only  direct  obser¬ 
vation  of  SGC.13  For  this  nonlinear  pump-probe  experiment, 
the  inclusion  of  SGC  into  the  equations  causes  the  amplitude 
and  the  phase  of  the  probe  signal  to  depend  on  the  Zeeman 
splitting.  More  details  on  how  this  dependence  occurs  will  be 
presented  in  the  following  section. 

Although  our  discussion  has  focused  on  single  A  systems, 
the  experiment  was  carried  out  for  an  ensemble.  In  general, 
for  an  ensemble  of  equivalent  noninteracting  atoms,  an  aver¬ 
age  over  the  different  z  axes  would  have  to  be  performed. 
However,  in  this  quantum-dot  solid-state  system,  there  is  a 
common  z  axis  for  all  the  dots,  since  they  are  grown  on  the 
same  plane  ( xy ),  and  they  have  a  relatively  large  in-plane 
cross-section  as  compared  to  their  height.  This  is  a  clear 
advantage  of  the  quantum-dot  ensemble  over  an  ensemble  of 
atoms. 

We  can  also  analyze  this  system  using  the  methods  in  Sec. 
II.  To  find  the  g’s,  we  need  the  dipole  matrix  elements.  These 
can  be  found  by  writing 


|l)  =  cos^-|t)  +  sin^-|7), 

(27) 

|2)  =  sin^|T)-cos^|7). 

(28) 

Again,  we  will  make  use  of  the  fact  that  1 1 )  and  |  r)  are 
angular  momentum  eigenstates  along  the  z  axis,  with  the 
familiar  selection  rules.  Only  state  |  j )  has  a  nonzero  dipole 
matrix  element  with  |r),rf+e+,  so  that  the  transitions  |l) 
— »|t)  and  |2)— >|t)  have  dipole  matrix  elements  equal  to 
d+ cosfe+  and  d+  sinfe+  respectively.  Then,  for  a  photon  emit¬ 
ted  along  n0=(#,  <p),  we  find  the  couplings: 

i]j 

gid  =  d+e'^cos  ficos—. 

(29) 

ijj 

g\tp  =  d+ie,<pcos—. 

(30) 

iff 

gi&  =  d+e'^cos  B  sin— , 

(31) 

*) 


FIG.  1.  The  energy  levels  of  the  A  system  consisting  of  the  two 
electron  spin  states  (lower  levels)  and  the  light-hole  trion  polarized 
along  the  +x  direction.  The  solid  line  represents  the  laser  pulse, 
which  propagates  along  z  and  is  linearly  polarized  in  the  y  direction. 
The  wavy  lines  denote  the  spontaneously  emitted  photons  from  the 
transitions  |t;)— >|+)  and  1 77)  — > |— ),  which  are  elliptically  polarized 
in  the  yz  plane  and  linearly  polarized  along  x,  respectively. 

g2q>=d+ie“p  sin^,  (32) 

so  that  the  determinant  is  always  zero,  independent  of  n0. 
This  means  that  the  system  in  this  configuration  will  never 
be  entangled  with  the  polarization  of  the  photon,  which,  as 
we  have  seen,  implies  maximum  SGC.  The  final  state  of  the 
A  system  is  always  1 1 ),  unentangled.  Section  VI  gives  an 
intuitive  picture  of  this  concept  by  the  vector  representation 
of  (the  mean  value  of)  the  spin. 

B.  Light-hole  trion  in  Voigt  configuration 

The  spin-photon  entanglement  can  be  also  realized  in  a 
quantum-dot  system  by  employing  the  light-hole  trion  state. 
The  heavy-and  light-hole  excitons  are  split  by  the  breaking 
of  the  tetrahedral  symmetry  of  the  bulk  III-V  compound.  It 
might  also  be  possible  to  make  the  light-hole  states  lower  in 
energy  than  the  heavy  holes.  The  magnetic  field  is  pointing 
along  the  x  direction,  so  that  the  lower  levels  are  the  two  Sx 
eigenstates,  |  +  )  and  |-).  The  optical  pulses  used  are  such  that 
the  light-hole  trion  polarized  along  the  +x  direction  is  ex¬ 
cited.  The  excited  state  is  a  trion  of  a  singlet  pair  of  electrons 
and  a  light  hole  which  is  in  the  m  =  +  1/2  component  of  the 
7  =  3/2  state.  The  trion  can  thus  be  characterized  by  the  state 
\JMj)  =  |3/2,  + 1 12).  We  choose  the  Mj=  1/2  state  as  the  ex¬ 
cited  state  of  the  A  system  and  denote  it  by  1 77). 

The  transitions  ]  77)  — >■  |  + )  and  1 77)  — >  | — )  involve  a  photon 
linearly  polarized  along  x  i\X)  =  |  tt^)))  and  one  with  elliptical 
polarization  (~i\Y)  +  2\Z)  =  \EVZ))),  respectively  (see  Fig.  I).23 
In  particular,  after  1 77)  has  decayed,  the  state  of  the  system  is 
from  Eq.  (12), 

|Y)  =  -  J=[|X>|- )  +  (2|Z>  -  t|F»|  + )],  (33) 

We  assume  a  measurement  which  determines  the  propaga¬ 
tion  direction  of  the  photon  n0=(fl,  <p).  Then  the  state  be¬ 
comes: 
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|Y)  = 


1 


V 2  +  3  sirriT 


[cos  flcos  (p|-&)|- ) 


-  (2  sin  ft  +  i  sin  <p  cos  #)  |  iT)|  + ) 

-sin<p|cp)|->-icos<p|cp)|+)].  (34) 

Following  the  same  procedure  as  in  the  trapped  ion  example, 
we  find  that  the  condition  for  maximum  entanglement  is  ft 
=  0;  the  value  of  D  is  then  0.5,  maximal  entnaglement.  SGC 
will  only  occur  when  D  in  Eq.  (16)  is  less  than  0.5  and  it  will 
be  maximum  for  propagation  along  x,  which  means  that  the 
electron  will  be  in  the  state  |  +  ).  For  all  other  values  of  ft, 
there  will  be  both  entanglement  and  SGC  between  the  two 
energy  eigenstates  when  the  photon  is  traced  out.  The  phe¬ 
nomena  following  the  spontaneous  radiative  decay  of  this 
system  are  indeed  very  similar  to  the  trapped  ion  case.  In  the 
solid-state  system,  there  is  no  need  to  isolate  a  single  dot  in 
order  to  observe  SGC  since  all  dots  are  oriented  in  the  same 
direction. 

For  quantum  information  processing,  entanglement  be¬ 
tween  photon  polarization  and  spin  has  to  be  established  in  a 
quantum  dot.  So  isolating  and  addressing  a  single  dot  is  re¬ 
quired.  Experimentally,  this  requirement  is  arguably 
feasible.24  The  system  should  be  initialized  at  state  |  +  )  (or 
|-))  and  subsequently  excited  by  y-  (or  x-)  polarized  light,  so 
that  only  state  1 77)  gets  excited.  Other  trion  states,  involving 
electrons  in  the  triplet  state  and/or  heavy  holes,  have  an  en¬ 
ergy  separation  from  1 77)  large  enough  compared  to  the  pulse 
bandwidth  and  so  they  can  be  safely  ignored.  Above,  we 
found  that  the  state  will  be  maximally  entangled  when  the 
spontaneously  emitted  photon  propagates  along  z.  When  the 
optical  axis  is  along  z,  the  spontaneously  emitted  photon  may 
be  distinguished  from  the  laser  photons  by  optical  gating.  As 
an  alternative  to  the  optical  gating,  to  minimize  scattered 
light  the  detector  may  be  placed  along  y,  i.e.,  at  (ft,cp) 
=  (77/2,77/2).  The  value  of  D  is  then  0.2,  so  that  the  en¬ 
tanglement  will  be  significantly  less  than  that  along  the  op¬ 
tical  axis,  but  should  be  measurable.  The  observation  of  the 
emitted  photon  and  the  measurement  of  its  polarization  can 
be  made  as  in  Ref.  8.  By  use  of  the  pump-probe  technique, 
the  state  of  the  spin  will  also  be  measured  to  show  the  cor¬ 
relation  with  the  polarization  of  the  photon. 

To  overcome  the  probabilistic  nature  of  the  entanglement 
(as  projection  is  needed)  and  to  improve  the  quantum  effi¬ 
ciency  degraded  by  the  scattering  problem,  cavities  and 
waveguides  may  be  employed  to  enhance  and  select  desired 
photon  emission  processes.7,25 


VI.  PUMP-PROBE  EXPERIMENT  FOR  SGC  DETECTION 
IN  A  QUANTUM  DOT 

In  this  section,  we  provide  a  theoretical  analysis  for  the 
pump-probe  experiment  which  explicitly  demonstrated 
SGC.13  The  A  system  is  the  heavy-hole  trion  system  intro¬ 
duced  above.  We  present  a  treatment  based  on  the  idea  that 
SGC  may  be  viewed  as  a  decay  to  one  bright  state  which  is 
a  superposition  of  the  eigenstates.  The  vector  character  of  the 
mean  value  of  the  spin,  which  also  helps  develop  intuition 
for  the  SGC  effect,  is  employed  and  in  fact  it  anticipates 


FIG.  2.  (a)  and  (b)  are  the  energy  diagrams  and  possible 
electron-trion  transitions  caused  by  (7+-polarized  photons  with  the 
electron  spin  quantized  in  7  and  x  directions,  re-  spectively.  (c)  The 
Raman  coherence  generated  by  the  pump  pulse,  and  (d)  Schematic 
depiction  of  interference  between  the  Raman  coherence  and  the 
spin  coherence  generated  by  sponta-  neous  emission,  under  a  mag¬ 
netic  field  applied  along  the  x  direction. 


some  of  the  theoretical  results  of  the  pump-probe  measure¬ 
ments  calculated  by  perturbative  solution  of  the  density  ma¬ 
trix  in  the  remainder  of  this  section. 


A.  Geometrical  picture  of  SGC 

As  shown  by  Bloch26  and  Feynman  et  al.,21  an  ensemble 
of  two-level  systems  can  be  described  by  a  rotating  vector. 
This  picture  provides  an  intuitive  understanding  of  the  spin 
coherence  generated  by  the  optical  excitation  and  spontane¬ 
ous  decay  of  the  trion  states.  For  simplicity,  we  will  assume 
the  short-pulse  limit  in  this  section. 

Regardless  of  the  presence  or  absence  of  the  magnetic 
field,  there  is  freedom  in  the  choice  of  the  quantization  di¬ 
rection,  and  it  is  convenient  in  this  case  to  choose  the  spin 
eigenstates  quantized  in  the  growth  (7)  direction,  1 1 )  and  1 1). 
The  two  trion  states  |t)  and  7)  have  /=  3/2  and  7-component 
M=+  3/2  and  M  =  - 3/2,  respectively.  The  selection  rules  are 
such  that  a  photon  with  helicity  +1  (cr+  circular  polarization) 
excites  the  electron  ||)  or  ||)  to  the  trion  states  |t)  or  |t), 
respectively.  We  will  consider  a  cr+  polarized  pump,  which 
excites  spin-up  electrons  to  the  trion  state  jr),  leaving  the 
electron  spin  polarized  in  the  -7  direction.  Due  to  the  selec¬ 
tion  rules,  the  trion  state  can  only  relax  back  to  the  spin-up 
state  by  emitting  a  cr+  polarized  photon,  and  after  recombi¬ 
nation,  the  electron  remains  unpolarized. 

Now  let  us  consider  a  strong  magnetic  field,  applied  at 

77/2  with  respect  to  the  optical  axis,  B=Bex.  In  this  so- 
called  Voigt  configuration,  the  Zeeman  states  |  +  ) 
=  (|  j" )+ 1 J,))/  \  2  are  quantized  in  the  x  direction  and  are  en¬ 
ergy  eigenstates  with  energies  ±wL,  respectively,  while  the 
trion  states  can  still  be  assumed  quantized  in  the  7  direction 
[see  Fig.  2(b)].  Note  that  the  low-lying  states  |l),|2)  in  fore¬ 
going  sections  are  now  denoted  by  the  spin  states,  |  +  ),|-).  In 
the  short-pulse  limit,  the  pulse  spectrum  is  much  broader 
than  the  spin  splitting  or,  equivalently,  the  pulse  duration  is 
much  shorter  than  the  spin  precession  period,  so  the  excita¬ 
tion  process  is  virtually  unaffected  by  the  magnetic  field:  the 
cr+  polarized  pump  excites  the  1 "f )  electron  to  the  trion  state 
1 7),  leaving  the  electrons  spin  polarized  in  the  -7  direction,  as 
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in  the  zero-field  case  [see  Fig.  2(c)].  The  pulse  generates 
coherence  between  the  two  eigenstates  |  +  )  and  |-),  which  is 
the  conventional  Raman  coherence28  generated  by  a  pulse 
with  a  spectrum  broad  enough  to  cover  both  the  near¬ 
degenerate  transitions.  The  spin  precesses  in  the  magnetic 
field  normal  to  the  plane  of  precession  with  frequency  <wL/  n t. 
In  other  words,  the  state  oscillates  between  the  spin-up  and 
-down  states.  The  Raman  coherence  can  be  determined  by 
the  excitation-induced  change  of  the  population  in  the  spin 
state  |t). 


=  ~  y{l +cos(2«z/)e  T2'],  (35) 

where  pTT  is  the  population  of  the  trion  state  immediately 
after  the  excitation  pulse,  and  y2  is  the  damping  rate  of  the 
spin  polarization  (due  to  spin  dephasing  and  inhomogeneous 
broadening). 

On  the  other  hand,  when  the  system  is  in  the  trion  state 
|t),  the  trion  will  relax  by  emitting  a  cr+-polarized  photon, 
leaving  an  electron  spin  polarized  in  the  +z  direction,  i.e., 
generating  coherence  between  the  two  spin  eigenstates 
(SGC).  The  trion  decay  can  be  treated  as  a  stochastic  quan¬ 
tum  jump  process  with  the  jump  rate  2T.  After  the  quantum 
jump,  the  evolution  of  the  system  can  be  described  by  a  spin 
vector  rotating  under  the  transverse  magnetic  field.  Thus,  the 
spin  polarization  generated  by  the  spontaneous  emission  dur¬ 
ing  [t'  ,t'+dt'\  can  be  determined  by 

dp^(t,t')  =  — — ^  [l  +  cos(2 wL(t  -  t'))e~y2{,~'']\. 

(36) 


a0  — 


76  +  4w; 


(2r  -  y2) 


;  +  4coj  ’ 


(40) 


</> 


=  -  arc  tan 


2r-y2 

2m  L 


arc  tan 


72 

2(o, 


(41) 


As  shown  in  Fig.  2(d),  SGC  induces  a  phase  shift  of  the 
spin  coherence  as  compared  to  the  Raman  coherence.  Note 
also  the  different  amplitudes  of  the  Bloch  vectors  in  the  case 
with  and  without  SGC.  We  can  see  that  if  the  recombination 
is  much  faster  than  the  spin  precession  under  the  magnetic 
field,  i.e.,  r>coL,  SGC  actually  cancels  the  Raman  coher¬ 
ence.  This  is  not  surprising  since  such  a  limit  simply  corre¬ 
sponds  to  the  zero-field  case.  In  the  strong  field  limit  where 
wL  S>  T,  the  spin  precession  will  average  SGC  to  zero,  which 
corresponds  to  the  two-pathway  decay  discussed  in  Sec.  II. 
From  Eq.  (36),  it  can  be  seen  that  at  any  specific  time  the 
trion  relaxes  to  state  ||),  so,  as  shown  in  Sec.  II,  a  time- 
selective  measurement  can  recover  the  SGC  from  the  inco¬ 
herent  two-pathway  decay.  Without  such  a  projection,  as  the 
spin  coherence  generated  at  a  different  time  has  a  different 
phaseshift,  the  time  averaging  [see  Eq.  (37)]  leads  to  the 
vanishing  of  the  SGC. 

In  a  pump-probe  experiment,  what  is  measured  is  the  dif¬ 
ferential  transmission  signal  (DTS),  i.e.,  the  difference  be¬ 
tween  the  probe  transmission  with  and  without  the  pump 
pulse.  In  the  same-circular  polarization  (SCP)  pump-probe 

configuration,  the  probe  measures  the  change  in  the  popula- 

(2) 

tion  difference  created  by  the  pump,  pTT-  p\ . .  Hence,  the 
DTS  is  given  by 

A  T^c?  °c  (3  +  ap)e~2r'd  +  a0cos(2«Lfd  -  <j>),  (42) 


The  precessing  spin  vector  is  deformed  by  the  accumulation 
of  increments  through  the  optical  decay  into  a  spiral  curve 
[see  Fig.  2(d)].  The  accumulated  spin  polarization  due  to  the 
spontaneous  emission  is 


P^%)=  [  dPff%n 

Jo 


l-e~2r'  + 


2r 


2T  -  y2  -  i2a>L 


X(e" !2“L'-27_e-2H) 


(37) 


For  an  initially  unpolarized  system,  the  total  spin  polariza¬ 
tion  in  the  z  direction  after  the  action  of  the  pump  and  the 
recombination  process  is  given  by 


=  -  ~[(1  +  ap)e  2r'  +  a0cos(2wLf- 4>)e  72'],  (38) 


where 


where  td  is  the  delay  time  between  the  pump  and  probe 
pulses.  The  DTS  reveals  the  spin  beatings  and  the  SGC  effect 
manifests  itself  in  the  dependence  of  the  beat  amplitude  and 
phase  shift  on  the  strength  of  the  magnetic  field. 

The  pump-probe  experiment  can  also  be  done  in  the  op¬ 
posite  circular  polarization  (OCP)  configuration.  The  probe 
measures  the  change  of  population  of  the  spin-down  state 
||).  The  DTS  in  this  case  is  proportional  to  -p[^~p[^  +  pTT, 
i.e., 

AT°CP  (1  -  ar)e~2r'd  -  a0cos(2wLfd  -  <f>) .  (43) 

The  spin  beat  has  the  opposite  sign  to  the  SCP  case. 

Similar  analysis  shows  that  if  either  the  pump  or  the  probe 
pulse  is  linearly  polarized,  there  will  be  no  spin  beat  in  the 
DTS. 


B.  Perturbative  solution  of  the  probe  signal 

The  optical  field  of  the  pump  and  probe  pulses  can  be 
written  as 


E(f)  =  (e+£'1+  +  e_£'1_)xi(f)e  ,ni' 

+  (e+£2+  +  e_E2_) Xl{t  -  td)e~ia ^ ,  (44) 


2rw-y2) 
(2r-y2)2  +  4w2' 


where  the  subscripts  1  and  2  denote  the  pump  and  probe 
(39)  pulses,  respectively,  and  e+  are  the  unit  vectors  of  the  <x+ 
polarizations.  The  dipole  operator  is 
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d  =  d(e+|r)<+ 1  +  e_|7)<+|)  +  h.c. 

Thus,  in  the  rotating  wave  approximation,  the  Hamiltonian  in 
the  basis  {|-),|  +  ),|t),|t)}  can  be  written  in  matrix  form  as 


- 

0 

-  d*E*+(t) 

-  d*E*_(t) 

0 

(Ol, 

*  + 

*N3 

1 

+  d*E*_{t) 

-  dE+(t ) 

-  dE+(t) 

€S 

0 

-  dE_(t) 

+  dE_(t ) 

0 

e8 

(45) 

where  eg  is  the  energy  of  the  trion  states,  and  y, ,  y2,  and  2 T 
denoting  the  spin-flip  rate,  the  spin-depolarizing  rate,  and  the 
trion  decay  rate,  respectively.  The  explicit  equations  for  each 


element  of  the  density  matrix  are 

Pr,+  =  A.P,H\t+  -  T pT+,  (46) 

Pt-  =  i[p,H] T- ~  r pT_,  (47) 

P+,+  =  i[p,H]+,+  -  nP+,+  +  r (pTT+  Pr.r),  (48) 

P--  =  i[p,H]--  +  riP+,+  +  r(pT7+p^),  (49) 

P+,-  =  i[p,H\+- -  72 P+,-  +  rc(pTT-  P?J?),  (50) 

pTT=i[p,H]TT-2YpTT,  (51) 

Ptj  =  i[pM\r,t  -  2r p?„  (52) 

p^T=i[p,H]^-2Tpw.  (53) 


The  Markov-Born  approximation  for  the  system  photon  has 
been  employed.  The  term  representing  the  spontaneously 


generated  spin  coherence  due  to  the  trion  recombination  is 
indicated  by  the  suffix  c;rc  should  be  equal  to  T.  However, 
we  singled  out  the  SGC  term  so  that  Tc  can  be  artificially  set 
to  zero  for  a  theoretical  comparison  between  the  results  with 
and  without  the  SGC  effect. 

In  the  pump-probe  experiment,  the  DTS  corresponds  to 
the  third-order  optical  response.  The  absorption  of  the  probe 
pulse  is  proportional  to  the  work  W  done  by  the  probe  pulse, 
and  the  DTS  is29 

AT  °c  -  W®  =  -  291 J  P(3)(0  •  E*(f  -  td) 

«-2 P®(m+H2) -E2(«  +  fE)  — .  (54) 

J  2ir 

The  third-order  optical  polarization  of  the  system  can  be  cal¬ 
culated  directly  by  expanding  the  density  matrix  according  to 
the  order  of  the  optical  perturbation 

P(3>  =  e+d[p(3)_  +  P™]  +  e-^[Pf3-  -  P(Z] .  (55) 

Thus,  given  the  cr+-polarized  pump  pulse,  the  third-order 
polarization  in  the  SCP  and  OCP  cases  can  be  respectively 
calculated  as29 

P$r  W  =  e+d[p®(0+p®W],  (56) 

Pgcr (t)  =  e.d[43!(t)  -  p®  (f)]  -  (57) 

C.  Analytical  results 

The  density  matrix  can  be  calculated  straightforwardly  or¬ 
der  by  order  with  respect  to  the  pulse.  Taking  the  initial  state 
of  the  system  to  be  the  equilibrium  state  p®=p®|  +  )(+| 
+  p9)l|-)(-j.  The  result  for  the  second-order  spin  coherence 
due  to  the  pump  pulse  E ,  ( 1)  is: 


P+-('M)  =  +^i 


PW 


+  X i 


o>-2o)L+ iy2 

*Tcpi0) 


_rx Ik 
i 72  J  -oo  (o'  -  L 


co)xi(oj')  da)' 


P(+0) 


(co-2col+  ;y2)(<w+  /2T) 


A[  -  coL  +  /T  2tt 

r 00  xi(cor  +  <»)xiW 
J_m  w'  -  A[  +  (0L-  /] 


-r 

'72  J-< 


(o-2(oL+iy2 

)  dco' 


;T  2t 


-X 


Xi((o'  +  <o) x* (<*>')  dco' 
u>'  -  Aj  +  (oL  —  ;T  2tt 

'Tcpl0)  f +”  Yi(«'  -  «)Yi(w')  dco' 


1  (co  -  2(ol  +  /y2)(w  + 


—  f 

ar  L 


■  A[  +  (0L  +  /T  277 
(58) 


where  At  =  is  the  detuning,  and  X,  =  |c/L]+|2 

-\dE  i_|2  is  the  circular  degree  of  the  pulse  polarization. 
In  the  equation  above,  the  first  two  terms  correspond 
to  the  Raman  coherence  generated  by  the  pump 
excitation28,  and  the  last  two  terms  represent  the  spontane¬ 
ously  generated  coherence.  Obviously,  for  a  linearly  polar¬ 
ized  pump,  X!  =  0,  no  spin  coherence  is  generated  either  by 
excitation  or  by  recombination,  so  there  will  be  no  spin  beats 
in  DTS. 


In  the  short-pulse  limit,  the  spin  coherence  after  the  pump 
and  recombination  can  be  approximately  expressed  as 


rc 

2T  -  72  -  2i(o, 


1 

2 


e-i(2<oL-iy2)(t-ti)  _ 


(59) 


This  formula  can  be  directly  compared  to  the  result  obtained 
by  the  intuitive  picture  in  Sec.  VI  A.  The  physical  meaning 
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©L/r 


b  «  I*i(ai)|2Ix2(a2)|* 


I  \h  +  2/  +  2/ ,  _/- 


l+*2+  " 


'  1  — '  2- 


+  *1*2 


2rc(2r-y2) 
(2r  -  y2)_  +  4<w^ 


(63) 


C=0,  (64) 

where  A2=e„-fl2  is  the  detuning,  7;±=  \dEj+\2,  /;-  =  /;+ + 
and  Xj=Ij+-Ij_  (j=l  or  2).  Thus,  the  short-pulse  approxi¬ 
mation  yields  expressions  identical  to  the  ones  obtained  from 
the  intuitive  picture  in  Sect.  VI  A.  Several  conclusions  can 
be  immediately  drawn  from  the  short-pulse  approximation: 
(1)  The  SCP  and  OCP  signals  reveal  beats  with  the  same 
amplitude  and  opposite  signs;  (2)  no  spin  beat  can  be  ob¬ 
served  when  either  of  the  pulses  is  linearly  polarized  (A, 
=  0  or  X2=0);  and  (3)  due  to  the  SGC  effect,  the  beat  ampli¬ 
tude  increases  with  increasing  Zeeman  splitting  until  it  satu¬ 
rates  at  the  value  it  would  have  in  the  absence  of  the  SGC 
effect;  the  phase  shift  increases  from  -rr/2,  saturating  at  0. 
The  SGC  effect  is  negligible  when  the  Zeeman  splitting  is 
large  compared  to  the  trion  decay  rate  T  because  the  rapid 
oscillation  averages  the  effect  of  SGC  to  zero. 


D.  Numerical  results 


FIG.  3.  (a)  The  amplitude  and  (b)  the  phase  shift  of  the  spin  beat 
(shown  in  the  insert)  as  functions  of  the  Zeeman  splitting  in  units  of 
the  trion  state  width,  T.  The  filled  circle  and  solid  lines  include  the 
SGC  effect,  calculated  with  and  without  the  short-pulse  approxima¬ 
tion,  respectively.  The  diamond  and  dotted  lines  are  the  results 
without  the  SGC  effect,  calculated  with  and  without  the  short-pulse 
approximation,  respectively. 

of  the  two  terms  in  Eq.  (59)  is  transparent:  The  first  term  is 
SGC,  whose  amplitude  and  phase  shift  depend  on  the  ratio  of 
the  recombination  rate  to  the  Zeeman  splitting,  and  the  sec¬ 
ond  term  is  just  the  optically  pumped  Raman  coherence 
which  in  the  short  pulse  limit  is  independent  of  the  Zeeman 
splitting. 

Having  obtained  the  second-order  results,  we  can  readily 
derive  the  third-order  density  matrix  and,  in  turn,  the  DTS 
can  be  calculated  by  use  of  Eq.  (54).  In  general,  the  DTS  can 
be  expressed  as 

AT  °c  A  cos(2 uLtd  -  (f))e-y *  +  Be~2r,d  +  Ce~y^,  (60) 

and  the  spin  coherence  amplitude  A  and  phase  shift  e/>,  the 
Pauli  blocking  amplitude  B,  and  the  spin  nonequilibrium 
population  C  can  all  be  numerically  calculated  and,  in  the 
short-pulse  limit,  can  also  be  analytically  derived  as 

2)-|Ai(Ai)|2|A2(A2)|2A1A2J^y2  +*Wl  2,  (61) 

v  (2TC  -  y2)  +  4wl 

,  /2rc-y2\  /  y2  \ 

<f>~  -  arctan  -  -  arctan  -  ,  (62) 

\  2ml  /  \2wl/ 


In  the  numerical  simulations,  we  take  the  pump  and  the 
probe  envelopes  to  be  Gaussian  y|(f)  =  exp(-?y f2/2)  and 
X2(t-t,-i)  =  exp(-r)l(t-td)2/2),  and  we  assume  that  they  have 
no  temporal  overlap,  i.e.,  the  delay  time  td  is  much  larger 
than  the  pulse  duration  rj J  (j=  1,2),  and  the  pulse  band¬ 
width  r] j  is  greater  than  the  relaxation  rates  yh  y2,  and  T.  All 
these  assumptions  are  well  satisfied  in  the  experiment. 13 
Taken  from  the  experiment,13  the  relaxation  rates  used 
are  yi=0,  y2=3  /reV,  and  r=Tt.=  12 /r eV,  and  Vi  =  ?72 
=  0.5  meV. 

To  minimize  the  effect  of  the  background  noise,13  the 
measured  data  of  DTS  are  presented  as  the  difference  be¬ 
tween  the  SCP  and  OCP.  We  follow  the  same  practice  in 
presenting  the  theoretical  results  in  Fig.  3.  In  comparison 
with  the  results  without  the  SGC  effect  (dashed  line),  the  full 
theoretical  results  show  the  phase  shift  of  the  spin  beat  in  the 
DTS. 

In  Fig.  3,  the  amplitude  and  the  phase  shift  are  plotted 
against  the  Zeeman  splitting  2a>L,  which  is  proportional  to 
the  magnetic  field.  The  SGC  effect  is  evident  through  the 
field  dependence  of  the  amplitude  and  phase  shift  of  the  spin 
beat.  When  the  SGC  effect  is  artificially  switched  off  (by 
setting  I>0),  the  beat  is  independent  of  the  magnetic  field 
strength  as  long  as  the  pulse  spectmm  is  much  broader  than 
the  Zeeman  splitting.  In  the  weak  magnetic  field  limit,  the 
spin  coherence  is  strongly  suppressed  due  to  the  destructive 
interference  between  the  conventional  Raman  coherence  and 
SGC;  the  phase  shift  then  is  about  -tt/2.  In  the  strong  mag¬ 
netic  field  limit,  as  SGC  is  averaged  to  zero  due  to  the  rapid 
Larmor  precession,  the  beat  features  approach  those  calcu¬ 
lated  without  SGC.  The  theoretical  predictions  of  the  SGC 
effect  on  the  pump-probe  signals  are  in  good  agreement  with 
the  experimental  results.13 
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VII.  CONCLUSIONS 

In  this  work,  we  have  developed  a  theory  to  unite  the 
different  effects  emerging  from  the  spontaneous  emission  of 
a  photon  from  a  A  system.  We  have  taken  the  viewpoint  that 
spontaneous  emission  is  a  unitary  process  when  a  sufficiently 
large  quantum  system  is  defined  so  as  to  be  considered 
closed.  Then  the  final  state  of  the  whole  system,  which  is  a 
pure  state,  can  be  projected  in  different  ways.  These  projec¬ 
tions  can  be  thought  of  as  measurements  on  one  of  the  con¬ 
stituent  parts  and  give  rise  to  different  phenomena:  entangle¬ 
ment,  spontaneously  generated  coherence,  and  two-pathway 
decay.  We  have  also  presented  a  set  of  conditions  on  the 
symmetry  of  a  system  which  determine  if  there  is  SGC.  Ex¬ 
amples  of  specific  atomic  and  solid-state  systems  have  been 


employed  to  illustrate  our  theory.  We  have  sketched  the 
theory  underlying  the  experiment  in  which  SGC  was 
observed13  and  we  have  proposed  an  experiment  on  the  same 
system  to  exhibit  the  entanglement  between  the  electron  spin 
and  the  polarization  of  the  spontaneously  emitted  photon  in  a 
quantum  dot  in  parallel  to  the  atom  case.8 
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GaAs  quantum  dots  via  an  intermediate  charged  exciton  (trion)  state.  Coherent  optical  fields  are  used  for 
the  creation  and  detection  of  the  Raman  spin  coherence  between  the  spin  ground  states  of  the  charged 
quantum  dot.  The  measured  spin  decoherence  time,  which  is  likely  limited  by  the  nature  of  the  spin 
ensemble,  approaches  10  ns  at  zero  field.  We  also  show  that  the  Raman  spin  coherence  in  the  quantum 
beats  is  caused  not  only  by  the  usual  stimulated  Raman  interaction  but  also  by  simultaneous  spontaneous 
radiative  decay  of  either  excited  trion  state  to  a  coherent  combination  of  the  two  spin  states. 
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The  physics  of  quasizero  dimensional  semiconductor 
nanostructures  or  quantum  dots  (QDs)  [1],  and  semicon¬ 
ductor  electron  spins,  has  been  extensively  investigated  for 
developments  in  both  basic  science  and  technology  [2]. 
The  weak  interaction  of  the  electron  spin  in  a  QD  with  the 
environment  is  believed  to  lead  to  a  long  spin  decoherence 
time  (T2  —  1-100  /jls)  [3,4].  Recent  measurements  in 
GaAs  and  In(Ga)As  QDs  have  also  shown  long  spin  re¬ 
laxation  times  ( Tl  —  1-20  ms)  [5],  which  ultimately  limits 
T2.  However,  coherent  preparation  and  detection  of  the 
spin  states  is  a  challenge  remaining  to  be  addressed,  with 
recent  work  in  silicon  devices  demonstrating  the  rapid 
progress  being  made  in  this  area  [6]. 

In  this  Letter,  we  report  on  the  coherent  optical  genera¬ 
tion  of  electron  spin  polarization  in  the  ground  state  of 
charged  GaAs  QDs  via  resonant  excitation  of  an  inter¬ 
mediate  charged  exciton  (trion)  state.  Stimulated  Raman 
excitation  by  coherent  optical  pulses  of  the  Raman  coher¬ 
ence  between  the  spin  ground  states  of  the  QD  is  thus 
demonstrated.  The  results  will  further  show  that  the  spin 
decoherence  time  is  —10  nsec  at  zero  field  and  that  there 
are  two  contributions  to  the  spin  coherence:  an  induced 
part  arising  from  coherent  optical  coupling  of  the  spin 
states  through  stimulated  Raman  excitation,  and  a  sponta¬ 
neously  generated  coherence  (SGC)  arising  from  radiative 
decay  of  the  trion  into  the  spin  states. 

In  the  absence  of  magnetic  fields,  the  Zeeman  sublevels 
of  the  electron  in  the  conduction-band  ground  state  of  a 
charged  QD  are  assumed  degenerate.  The  lowest  optically 
excited  state  is  a  trion  state  consisting  of  a  singlet  pair  of 
electrons  and  a  heavy  hole  with  its  spin  pointing  up  or 
down  along  the  growth  axis,  designated  as  the  z  axis.  The 
application  of  a  magnetic  field  in  the  Voigt  geometry  [6  = 
0°  in  Fig.  1(a)]  leads  to  the  excitation  level  scheme  shown 
in  Fig.  1(b)  [7].  This  scheme  is  equivalent  to  the  three-level 
A  systems  used  in  demonstration  of  various  quantum- 


optical  phenomena,  such  as  electromagnetic  ally  induced 
transparency  [8],  lasing  without  inversion  [9],  and  slowing 
and  freezing  of  light  [10],  which  rely  on  the  existence  of  a 
ground  state  Raman  coherence  [11], 

The  physical  origin  of  the  stimulated  Raman  coherence 
can  be  understood  in  terms  of  the  optical  orientation  of  the 
spin  in  the  growth  (light  propagation)  direction.  The  spin 
states  quantized  in  the  z  direction  are  superpositions  of  the 
spin  states  quantized  in  the  magnetic  field  direction 
[|  z±)  =  (I  x+)±  |  x  —  ))/v/2],  and  thus  the  spin  vector 
oriented  along  the  z  direction  represents  coherence  be¬ 
tween  the  spin  eigenstates  |  x±)  in  the  magnetic  field. 
For  simplicity,  we  assume  that  before  the  application  of 
the  pump  pulse,  the  system  is  unpolarized.  In  the  short- 
pulse  limit,  the  a~  pulse  excites  only  the  spin  down  state 
|  z~)  to  the  trion  state  |  t~),  leaving  the  electron  polarized 
in  the  spin  up  z  direction.  In  the  transverse  magnetic  field, 


FIG.  1  (color  online),  (a)  Magnetic  field  (B)  orientation  with 
respect  to  QD.  (b)  Excitation  picture  for  the  charged  QD  in  the 
Voigt  geometry  (6  =  0°),  with  ground  states  |  x±)  denoting 
electron  spin  projections  ±|  along  the  x  axis  split  by  hutc. 
The  trion  states  |  t±)  are  labeled  by  the  heavy-hole  angular 
momentum  projection  ±  f  along  the  z  axis.  Solid  (dashed)  lines 
denote  transitions  excited  by  cr+  ( cr~ )  light,  (c)  Schematic  of  DT 
experimental  setup. 
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the  induced  spin  polarization  (or  Raman  coherence)  pre- 
cesses  and  thus  the  optically  generated  population  of  the 
spin  state  \z~ )  oscillates  as 


pf-,z-0)  =  —  Pt-.t- 


1  +  e  y°T  cos (mct  —  4>) 


(1) 


where  proportional  to  the  intensity  of  the  pump 

pulse,  denotes  the  population  of  the  trion  state  immediately 
after  the  pump  pulse,  and  coc,  ys  are  the  Larmor  frequency 
and  spin  decoherence  rate,  respectively.  For  the  case  of 
stimulated  Raman  quantum  beats  (QBs)  given  by  Eq.  (1), 
the  phase  <f>  =  0. 

The  stimulated  Raman  processes  which  yield  the  QBs  in 
Eq.  (1)  can  also  be  illustrated  with  a  perturbation  sequence 
using  the  density  matrix  operator  p  for  the  four-level 
scheme  shown  in  Fig.  1.  The  pump  pulse  (E^f))  coher¬ 
ently  excites  the  Raman  coherence  (px+x_)  to  second 
order  in  the  field,  and  the  probe  pulse  (E2(f  —  rj)  converts 
this  to  a  nonlinear  polarization  (  pt~yX~)  which  copro¬ 
pagates  with  the  probe  field  [12], 


Edo--)  E](o-  )  E2(or-)[  p,_  x_ 

Px—,x—  *  Pt—,x—  >  Px+,x—  >  1 

[  Pt+,x- 

The  two  upper  levels  are  necessary  in  order  to  correctly 
account  for  the  polarization  dependence,  but  the  QBs  are 
present  in  the  three-level  A  system.  Within  the  sample,  the 
four-wave  mixing  (FWM)  signal  held  arises  from  the  third 
order  nonlinear  optical  polarization  [Fig.  1(c)].  The  differ¬ 
ential  transmission  (DT)  signal  represents  the  homodyne 
detection  of  the  FWM  response  propagating  collinearly 
with  the  reference  probe  held  [13-15].  In  our  experiments, 
the  pump  and  probe  laser  helds  can  have  either  parallel 
(PCP)  or  orthogonal  circular  polarization  (OCP),  and  the 
DT  signal  was  obtained  using  balanced  phase-sensitive 
detection. 

The  above  picture  of  spin  QBs  arising  from  stimulated 
excitation  of  the  Raman  coherence  has  been  extremely 
successful  [14-18].  However,  it  has  also  been  anticipated 
that  the  spontaneous  emission  from  the  trion  state  can 
result  in  a  coherent  combination  of  the  two  spin  states, 
known  as  spontaneously  generated  coherence  (SGC) 
[19,20].  Spontaneous  emission  is  commonly  considered 
to  destroy  coherence,  but  when  (i)  the  Zeeman  splitting 
licoc  is  comparable  to  or  smaller  than  the  trion  decay  rate 
21’,,  and  (ii)  the  transition  dipole  moments  from  the  trion 
state  to  the  two  spin  states  are  nonorthogonal,  different 
transitions  can  couple  to  the  same  modes  of  the  electro¬ 
magnetic  vacuum.  For  instance,  the  transitions  between 
|  t—)  and  |  x±)  can  couple  to  the  same  vacuum  mode 
with  polarization  a~ ,  thus  creating  coherence  between 
the  final  states  (  |  x±))  of  the  spontaneous  emission  pro¬ 
cess.  In  the  optical  orientation  picture,  the  trion  state  |  t— ) 
will  relax  back  to  the  state  |  z  — )  by  spontaneously  emitting 
a  cr~  polarized  photon,  thus  giving  rise  to  coherence 
between  the  energy  eigenstates  |  x+)  and  |  x~ ). 
Although  there  have  been  numerous  theoretical  studies 


previously  [19,20],  there  had  been  no  experimental  obser¬ 
vation  of  an  excited-state  population  decaying  to  a  ground 
state  Raman  coherence.  From  the  detailed  analysis  to  be 
presented  later,  a  portion  of  the  Raman  coherence  caused 
by  SGC  is  7r/2  out  of  phase  and  interferes  destructively 
with  the  stimulated  Raman  coherence,  giving  rise  to  a 
nonzero  phase  4>  in  Eq.  (1). 

For  our  work,  the  sample  consisted  of  interface  fluctua¬ 
tion  GaAs  QDs,  formed  by  growth  interrupts  at  the  inter¬ 
face  of  a  narrow  (4.2  nm)  GaAs  quantum  well,  which 
were  remotely  doped  with  electrons.  Magneto-photolum- 
inescence  measurements  on  single  charged  QDs  showed  a 
small  electron  g  factor  [2 1  ]  that  implies  a  maximum  split¬ 
ting  hcoc  ~  80  /reV  at  the  highest  helds  reached  in  our 
experiments.  The  etched  sample  was  mounted  in  a  super¬ 
conducting  magnetic  cryostat  held  at  4.8  K.  The  pump  and 
probe  pulses  were  obtained  from  a  mode-locked 
Ti:Sapphire  laser,  with  a  shaped  pulse  bandwidth 
(FWHM  =  0.84  meV)  that  exceeds  the  splitting  between 
the  electron  spin  states. 

Figure  2(a)  shows  the  nonlinear  optical  spectrum  with 
two  peaks  corresponding  to  trions  ( T )  and  excitons  (X) 
trapped  in  charged  and  neutral  QDs,  respectively  [21].  In 
Fig.  2(c)  [2(d)]  we  plot  the  difference  between  DT  signal 
obtained  for  the  PCP  and  OCP  configurations,  with  the 
laser  tuned  to  resonantly  excite  neutral  [charged]  QDs  at  X 
[J].  The  data  in  Fig.  2(d)  was  fitted  using  the  equation, 

DT  pcp_ocp  =  Aie  “r'T  +  A2e  ysTcos (coct  —  <f>)  (2) 


FIG.  2  (color  online),  (a)  DT  spectrum  with  the  pulse  delay 
fixed  at  + 10  ps.  The  shaded  region  is  the  pulse  spectrum,  and  the 
arrows  at  T  (X)  label  the  trion  (exciton)  resonances,  (b)  Variation 
of  the  decay  rate  and  the  oscillation  frequency  with  the  field.  We 
extract  the  g  factor  to  be  |  gex  |=  0.13.  (c)  DT  signal  at  X  for 
Bx  =  6.6  T  showing  no  oscillations.  Inset:  Single  QD  exciton 
QBs  obtained  in  the  Faraday  geometry  with  B,  =  0.9  T  [16]. 
(d)  Spin  QBs  in  DT  signal  as  a  function  of  in-plane  magnetic 
field  Bx,  obtained  when  the  laser  pulse  is  tuned  to  selectively 
excite  the  T  resonance.  Data  shown  in  (c)  and  (d)  are  the 
differences  between  PCP  and  OCP  signals.  Solid  lines  show 
fits  to  the  data  using  Eq.  (2). 
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which  was  obtained  from  the  theory  [22],  and  the  resulting 
values  for  15w(.  and  ys  are  plotted  in  Fig.  2(b)  as  a  function 
of  the  field.  The  oscillation  frequency  (  wc)  depends  on  the 
splitting  between  the  states  and  allows  us  to  find  |  gex  \  = 
0.13  in  good  agreement  with  [21].  The  theory  shows  that 
the  first  term  in  Eq.  (2)  arises  from  the  incoherent  contri¬ 
bution  due  to  the  Pauli  blocking  effect,  and  decays  with  the 
trion  recombination  rate  2Yt  ~  (84  ps)-1.  The  second 
term,  describing  the  beats,  arises  from  the  coherent  con¬ 
tribution  (px+  x-)  or  the  net  precessing  spin  polarization  in 
the  z  direction,  and  decays  with  the  spin  decoherence  rate 
ys.  Hole  spin  relaxation  between  the  two  trion  states  was 
accounted  for  and  affects  the  Pauli  blocking  term  only,  but 
not  the  QBs. 

The  spin  dephasing  time  T|(=  l/ys)  ~  10  ns  was  ob¬ 
tained  from  the  zero-field  intercept  in  Fig.  2(b),  which  is 
much  smaller  than  the  T2  predicted  by  theory  [3,4]. 
Electrons  in  different  dots  or  in  the  same  dot  at  different 
times  experience  different  random  orientations  of  the  hy- 
perfine  nuclear  fields.  If  in  each  dot  the  electron  interacts 
with  N  ~  106  nuclei,  the  characteristic  timescale  due  to  the 
spatial  fluctuations  in  the  hyperfine  interaction  is  Tn~ 
hyfN/A  =  6  ns  [3],  where  A  ~  90  /reV  is  the  hyperfine 
constant  for  GaAs,  comparable  to  the  decay  times  obtained 
here.  Our  ensemble  measurements  are  consistent  with  a 
previous  Hanle  study  of  a  single  dot  in  the  same  system 
[23].  The  linear  change  in  ys  with  the  magnetic  field  is 
commonly  attributed  to  a  Gaussian  distribution  of  g  factors 
[18],  from  which  we  obtain  a  width  A g/g  ~  8%. 

In  contrast  to  the  T  resonance,  tuning  the  laser  to  the  X 
resonance  results  in  vanishing  of  the  beats  as  seen  in 
Fig.  2(c).  As  discussed  in  Refs.  [15-17],  the  exciton  be¬ 
haves  as  a  three-level  V  system.  The  fast  exciton  recom¬ 
bination  time(  ~  50-100  ps  [24])  and  the  small  Zeeman 
splitting  in  the  Voigt  geometry  results  in  overdamping  of 
the  exciton  Raman  coherence.  For  comparison,  the  inset  to 
Fig.  2(c)  shows  DT  QBs  of  magneto-excitons  in  a  single 
neutral  QD  obtained  in  the  Faraday  geometry  (0  =  90°), 
where  the  splitting  is  enhanced  by  the  large  g  factor. 


Reference  [16]  reports  that  the  exciton  Raman  decoherence 
time  (T2  ~  66  ps)  is  limited  by  recombination. 

When  there  are  no  effects  due  to  SGC,  and  in  the  limit 
where  the  pulse  bandwidth  is  much  greater  than  the 
Zeeman  splitting,  the  amplitude  and  phase  shift  of  the 
spin  Raman  coherence  generated  by  the  pump  pulse  should 
be  independent  of  the  Zeeman  splitting.  This  is  verified  by 
the  theory,  as  shown  in  the  dashed  lines  of  Fig.  3.  However, 
the  data  (solid  symbols)  in  Figs.  3(a)  and  3(b)  demonstrates 
a  clear  dependence  of  the  beat  amplitude  (A2)  and  phase 
(<p)  on  the  Zeeman  splitting  hcoc  which  has  not  been 
reported  in  earlier  experiments  [14-18].  We  verified  that 
the  dependence  is  not  due  to  shifts  in  the  trion  resonance, 
or  changes  in  the  oscillator  strength  with  magnetic  field.  As 
elaborated  below,  the  data  in  Fig.  3  provides  experimental 
confirmation  for  SGC. 

Specifically,  the  spin  polarization  or  coherence  sponta¬ 
neously  generated  in  the  time  interval  ( t ,  t  +  dt )  for  t  <  t 
after  the  pump  pulse  can  be  determined  by  the  population 
generated  in  |z~ )  [22,25], 

=  r,p,_  f_e-2r,f{l  +  e~7^T~^  cos[wc(t  —  t)]}dt. 

(3) 

Thus,  the  spin  coherence  accumulated  from  t  =  0  to  t  =  r 
via  the  trion  recombination  process  is  dependent  on  the 
Zeeman  splitting.  Combining  the  contributions  from  the 
pump-excited  Raman  coherence  in  Eq.  (1)  and  from  SGC 
yields  spin  beats  with  amplitude  and  phase  shift  given,  in 
the  short-pulse  limit,  by 


+  cor 


(2rt  -  ys)2  + 


(4) 


<f>  ~  —  arctanf — - — 'j  —  arctanf— \  (5) 

V  Mc  J  \McJ 

In  the  weak  magnetic  field  limit,  the  trion  decay  is  much 
faster  than  the  spin  precession,  and  so  the  SGC  cancels  the 
conventional  Raman  coherence.  In  the  strong  magnetic 
field  limit,  the  rapid  spin  precession  averages  the  SGC  to 
zero.  This  explains  the  observed  field  dependence  of  the 
spin  beats  in  Fig.  3.  As  the  Zeeman  splitting  increases  from 
zero  to  much  larger  than  the  radiative  decay  rate,  the  beat 
amplitude  increases  until  it  saturates  at  the  value  calculated 
without  the  SGC  effect,  and  the  phase  shift  increases  from 
close  to  —  77-/2  to  zero. 

In  the  master  equation  for  the  A  system,  derived  in  the 
Markov-Born  approximation,  the  SGC  effect  appears  as 

Pa+,a-|SGC  =  tPt-,t—  (6) 


FIG.  3  (color  online),  (a)  and  (b)  show  the  changes  in  the 
amplitude  (A2)  and  phase  (cf>)  of  the  oscillations  as  a  function 
of  splitting.  Solid  (dashed)  lines  denote  theoretical  predictions 
for  these  parameters  with  (without)  the  effects  of  SGC.  In 
numerical  calculations,  the  optical  pulses  are  assumed 
Gaussian,  i.e.,  I(co)  =  exp(—  co2/2cr2)  (a  =  0.35  meV). 


A  full  numerical  solution  of  the  master  equation,  taking 
into  account  the  finite  pulse  width,  is  performed  at  each 
magnetic  field  value  for  the  time  delay  dependence  of  the 
DT  signal,  with  the  input  parameters  taken  from  experi¬ 
ment  for  the  Zeeman  splitting,  spin  dephasing  rate,  and  the 
trion  decay  rate  [22].  Thus,  the  amplitude  and  phase  of  the 
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spin  beats  computed  as  a  function  of  the  Zeeman  splitting 
are  shown  as  solid  lines  in  Fig.  3,  similar  to  the  results 
obtained  in  the  short-pulse  limit.  The  agreement  of  the 
SGC  theory  with  experimental  data  is  good.  The  deviation 
of  the  theory  and  experiment  as  a  function  of  magnetic 
field  compared  to  the  expected  behavior  in  the  absence  of 
SGC  is  evident. 

Physically,  as  discussed  above,  the  same  mode  of  the 
vacuum  field  simultaneously  couples  the  trion  state  to  the 
two  spin  states  and  gives  rise  to  SGC  in  our  experiments.  In 
atomic  systems,  ground  state  Raman  coherence  induced  by 
population  decay  from  an  excited  state  has  been  difficult  to 
observe  due  to  the  conditions  (i)  and  (ii)  that  must  be 
simultaneously  met.  However,  recently  an  entangled  state 
between  a  single  ion  and  two  modes  of  the  radiation  field 
was  observed  [26],  an  effect  which  can  be  interpreted  as 
complementary  to  SGC  [22].  The  observation  of  SGC  in 
QDs  is  favored  not  only  by  the  relatively  large  radiative 
decay  rate  as  compared  to  the  spin  precession  rate,  but  also 
by  the  ability  to  tailor  the  quantum  states  in  the  artificial 
atoms  by  magnetic  field  and  by  doping. 

The  results  of  this  work  bear  directly  on  proposals  for 
using  optically  driven  charged  QDs  for  quantum  comput¬ 
ing  (QC)  [7,27].  In  this  regard,  significant  progress  has 
already  been  made  in  demonstrating  many  of  the  key 
DiVincenzo  requirements  for  QC  [28]  with  excitonic  opti¬ 
cal  Bloch  vector  qubits  in  neutral  QDs,  such  as  single  qubit 
rotations  [29],  quantum  entanglement  [30],  and  conditional 
quantum  logic  gates  [31].  These  results  illustrate  the  close 
analogy  between  artificial  atoms  and  QDs  [1],  but  the  short 
decoherence  time  of  the  exciton  (0.1-1  ns  [24,32])  con¬ 
strains  quantum  error  correction  schemes.  In  the  present 
work,  we  have  demonstrated  that  a  coherent  optical  field 
can  create  a  coherent  superposition  of  electron  spin  states 
in  QDs.  While  the  measured  decoherence  time  has  a  limit¬ 
ing  value  of  10  ns,  much  longer  than  the  exciton  decoher¬ 
ence  time,  the  lifetime  is  shorter  than  anticipated  due  to 
ensemble  averaging,  as  discussed  previously.  Coherent 
spectroscopy  measurements  on  a  single  dot  could  eliminate 
some  aspects  of  this  averaging.  Single  qubit  rotations  are  a 
logical  next  step  remaining  to  be  pursued,  for  example, 
through  off-resonant  Raman  processes  as  proposed  in 
Ref.  [33].  Modifications  to  the  selection  rules,  caused  by 
the  small  heavy-light-hole  mixing  (~  0.06),  will  merely 
result  in  slight  changes  to  the  axis  and  angle  of  the  Raman 
induced  spin  qubit  rotation,  which  can  be  compensated 
optically. 
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The  two  electron  spin  states  in  a  doped  semiconductor  nanodot  have  been  proposed  as  a  solid-state  qubit 
[1].  An  optical  scheme  for  the  quantum  operations  involves  an  intermediate  trion  state,  which  constitutes 
the  excited  state  of  a  A  scheme  [2].  The  two  spin  states  are  split  by  a  static  in-plane  magnetic  field,  and  the 
pulse  used  is  circularly  polarized  along  the  growth  direction,  and  tuned  close  to  the  trion  state  composed 
of  two  electrons  in  the  singlet  state  and  a  heavy  hole.  Due  to  the  small  in-plane  g  factor  of  the  heavy  hole, 
the  trion  state  is  rather  insensitive  to  magnetic  fields  up  to  5T  [3].  The  principal  decay  mechanism  for  the 
trion  state  is  radiative  recombination  of  the  one  electron  with  the  hole.  The  polarization  selection  rules  for 
this  system  are  such  that  the  trion  will  relax  to  a  linear  combination  of  the  two  spin  states,  which  is  another 
spin  state,  polarized  along  the  growth  direction.  This  is  an  example  of  spontaneously  generated  coherence 
(SGC).  For  this  effect  to  be  detectable,  the  splitting  between  the  two  lower  levels  has  to  be  small  compared 
to  the  linewidth  of  the  trion  state.  This  requirement  is  feasible  in  the  trion  system,  since  by  controlling  the 
magnetic  field  we  can  tune  the  splitting. 

In  a  pump-probe  experiment  on  this  system,  quantum  spin  beats  are  seen  in  the  probe  signal.  The  beats 
have  two  contributions:  one  from  the  coherence  induced  by  the  pump  laser  (Raman  coherence),  and  one 
from  SGC,  as  explained  above.  To  calculate  the  nonlinear  response,  an  order-to-order  calculation  may  be 
carried  out.  We  have  used  this  perturbative  method  to  calculate  the  probe  response  when  the  SGC  term  is 
included,  and  we  have  found  a  dependence  of  the  amplitude  and  the  phase  shift  of  the  signal  on  the  static 
magnetic  field.  In  the  absence  of  SGC  there  is  no  dependence  of  these  quantities  on  the  field  strength  .  Our 
results  are  in  good  agreement  with  the  experiment  [4]. 

To  obtain  an  intuition  on  how  this  phase  shift  and  amplitude  dependence  on  the  magnetic  held  occurs,  we 
employ  the  vector  model  of  the  mean  value  of  the  spin.  Initially,  the  system  is  in  a  spin  ensemble,  i.e.  a 
completely  mixed  state.  The  pump  pulse  is  polarized  such  that  it  connects  only  the  | z)  state  to  the  trion 
state  |t);  the  | z)  state  is  not  dipole  connected  to  1 1),  i.e.  it  is  a  dark  state.  When  the  pump  excites  the 
transition  | z)  — >  1 1)  there  is  an  excess  | z)  population.  When  rotated  to  the  x  basis,  it  amounts  to  coherence 
between  the  two  sx  eigenstates;  this  is  the  Raman  coherence.  The  spin  vector,  which  is  initially  pointing 
along  —z,  precesses  about  the  R-held  (Larmor  precession).  This  precession  manifests  itself  as  quantum 
beats.  When  SGC  is  also  accounted  for,  and  when  the  decay  process  is  fast  compared  to  the  precession 
rate,  soon  after  the  spin  vector  starts  to  precess,  one  trion  relaxes  to  |2)  and  a  little  vector  along  +z  adds 
to  the  spin  vector.  This  process  continues  until  all  the  trions  have  decayed.  From  a  simple  geometrical 
construction  (Fig.  1)  we  can  see  that  there  is  a  phase  shift  and  an  amplitude  difference  between  the  cases 
with  and  without  SGC.  Note  also  that  in  the  opposite  limit,  when  the  precession  is  fast,  i.e.  when  the 
Zeeman  splitting  is  large  as  compared  to  the  trion  state  linewidth,  the  contributions  along  +z  add  when 
the  spin  vector  is  in  a  random  position,  and  so  they  average  out. 

According  to  the  above  discussion,  SGC  arises  from  the  relaxation  to  a  single  state,  which  is  not  an  energy 
eigenstate.  If  there  was  no  B  held,  then  any  spin  basis  would  comprise  a  good  energy  basis.  In  the  system 
discussed  here  then,  the  sz  eigenstates  would  be  special  from  a  symmetry  point  of  view,  since  z  is  the  growth 
axis  and  the  optical  axis.  We  could  therefore  view  an  in-plane  magnetic  held  as  a  breaking  of  this  symmetry, 


z 


Fig.  1.  Projection  of  the  Bloch  sphere.  The  solid  arrow  represents  the  spin  vector  at  three  different  instants,  as 
modified  by  SGC.  The  small  dotted  arrow  is  the  contribution  of  SGC  to  the  Bloch  vector.  The  dashed  arrow  is 
the  spin  vector  in  the  absence  of  SGC.  The  phase  shift  and  the  amplitude  difference  of  the  two  vectors,  measured 
in  the  pump-probe  experiment,  are  clearly  demonstrated  in  the  geometrical  picture. 


which  induces  SGC.  In  this  context,  we  have  determined  a  set  of  conditions  on  the  field  contribution  to  the 
Hamiltonian,  HB ,  and  on  the  separation  between  the  lower  levels,  6,  for  SGC  to  appear.  In  a  system  with  an 
axial  symmetry  and  optical  selection  rules  determined  by  Jz,  a  perturbation  HB  will  cause  SGC  to  appear 
if  the  following  conditions  are  satisfied: 

(i)  [HB,JZ]^  0; 

(ii)  Hb |e)  a  |e); 

R  M<r. 

Hb  may  or  may  not  be  induced  by  an  external  field.  In  atoms,  the  role  of  HB  can  be  played  by  the  spin-orbit 
coupling.  However,  the  atomic  states  are  long-lived  and  therefore  SGC  between  states  split  by  the  spin-orbit 
interaction  is  not  observable.  The  role  of  HB  can  even  be  played  by  measurement,  when  control  over  the 
spontaneously  emitted  photon  is  possible. 

References 

[1]  D.  Loss  and  D.P.  DiVincenzo,  “Quantum  Computation  with  Quantum  Dots,”  Phys.  Rev.  A  57,  120-126  (1998). 

[2]  P.  Chen,  C.  Piermarocchi,  L.  J.  Sham,  D.  Gammon,  D.  G.  Steel,  “Theory  of  Quantum  Optical  Control  of  Single  Spin  in 
Quantum  Dot,”  Phys.  Rev.  B  69,  075320  (2004). 

[3]  J.  G.  Tischler,  A.  S.  Bracker,  D.  Gammon  and  D.  Park,  “Fine  structure  of  trions  and  excitons  in  single  GaAs  quantum 
dots,”  Phys.  Rev.  B  66,  081310  (2002). 

[4]  M.  V.  G.  Dutt,  J.  Cheng,  B.  Li,  X.  Xu,  X.  Li,  D.  G.  Steel,  A.  S.  Bracker,  D.  Gammon,  S.  E.  Economou,  R.  Liu,  and  L.  J. 
Sham,  submitted  for  publication. 


Theory  proposal  of  electron  spin  rotation  in  a  quantum 

dot 


Sophia  Economou  and  L.  J.  Sham 

Department  of  Physics,  University  of  California  San  Diego,  La  Jolla,  California  92093-0319 
Phone:  (858)  822-1018  Fax:  (858)  534-2232  Email:  economou@physics.ucsd.edu 

Yanwen  Wu  and  D.  G.  Steel 

H.  M.  Randall  Laboratory,  The  University  of  Michigan,  Ann  Arbor,  MI  f  8109 
Phone:  (734)  76)- 4 4 09  Fax:  (7 34)  7 63-9694,  Email:  dst@eecs.umich.edu 

Abstract:  We  propose  an  optical  scheme  to  probabilistically  initialize  and  rotate  the 
electron  spin  in  a  quantum  dot  using  charged  exciton  states.  Our  proposal  makes 
use  of  the  properties  of  the  sech  pulses  for  two-level  systems. 

©2005  Optical  Society  of  America 

OCIS  codes:  (300.6240)  Coherent  transient  spectroscopy;  (300.6470)  Semiconductor  Spectroscopy;  (270.1670) 
Coherent  optical  effects 

The  spin  of  an  electron  trapped  in  a  quantum  dot  is  a  candidate  for  a  quantum  bit  in  quantum  information 
processing  proposals.  The  merits  of  manipulating  the  spin  optically,  by  use  of  intermediate  charged  exciton 
states  (trions),  are  the  ready  availability  of  the  lasers  and  the  fast  operational  times.  The  spin  rotation  is 
yet  to  be  shown  experimentally,  and  this  will  comprise  an  important  step  toward  the  implementation  of  this 
solid  state  proposal. 

The  two  spin  states  of  the  doped  electron  and  the  intermediate  trion  form  a  three-level  A  type  system.  A 
static  in-plane  magnetic  field  is  used  to  split  the  two  spin  states,  and  the  pulses  used  are  circularly  polarized 
along  the  growth  direction  (z  axis).  The  Zeeman  splitting  is  on  the  order  of  tens  of  /xeV’s  in  GaAs  [1],  and 
the  trion  state  is  rather  insensitive  to  magnetic  fields  up  to  5T  [2],  so  that  the  trion  polarized  along  2  does 
not  rotate  about  the  perpendicular  B  field.  It  is  useful  to  view  this  three-level  system  in  the  z  basis  rather 
than  in  the  energy  eigenbasis;  due  to  polarization  selection  rules,  only  the  |  +  z)  state  couples  to  the  trion. 
Moreover,  for  pulses  fast  compared  to  the  spin  precession,  the  |  —  z )  state  can  be  ignored  in  the  qualitative 
discussion  of  the  quantum  evolution.  The  objective  is  a  rotation  of  the  spin  via  a  unitary  operation.  The 
trion  state  is  an  auxiliary  level  in  this  process.  Therefore,  the  control  pulse  should  leave  no  population  in 
the  trion  state;  we  will  refer  to  such  pulses  as  ’transitionless’.  The  effect  of  transitionless  pulses  is  to  give  a 
phase  to  the  |  +  z)  state  relative  to  the  trion  but  also,  and  most  importantly,  relative  to  the  |  —  z)  state.  A 
unitary  operation  causing  a  phase  change  (f>  between  the  two  |  ±  z)  states  is  a  rotation  about  the  z  axis  by  an 
angle  <j).  We  also  give  an  analytic  expression  for  this  angle  as  a  function  of  the  input,  i.e.,  the  laser  parameters. 

A  well-known  pulse  shape  in  quantum  optics  is  the  sech  pulse  of  Rosen  and  Zener  [3],  which  is  an  exactly 
solvable  pulse  in  the  two-level  system,  for  any  detuning.  In  the  interaction  picture  the  coupling  matrix 
element  takes  the  form 


Vtz(t)  =  C l  sech(crf)  elAt,  (1) 

where  Cl,  a  and  A  are  the  Rabi  frequency,  the  bandwidth  and  the  detuning  of  the  pulse  respectively.  In  our 
quasi  two-level  system,  formed  by  the  |  +  z)  state  and  the  trion  \t),  the  population  of  the  trion  state  after 
the  passage  of  the  pulse  is  given  by 


pu  =  p°zz  sin2  sech2  >  (2) 

where  p°zz  is  the  population  of  the  \  +  z)  state  before  the  action  of  the  pulse.  The  typical  temperature  for  such 
experiments  is  4K,  which  is  well  above  the  Zeeman  splitting,  and  therefore  the  initial  state  of  the  system  will 
be  a  thermal  equilibrium  of  the  two  states,  that  is,  p°zz  =  1/2.  From  Eq.  (2)  we  see  that  we  can  achieve  a 
50%  probability  of  initializing  a  spin  along  z  with  a  single-shot  pulse  when  Cl  =  cr/2  and  A  =  0,  so  that  the 


Fig.  1.  The  spin  vector  is  generated  by  the  pump  and  subsequently  rotated  via  the  control  pulse,  by  an  angle 
tt/4  about  z.  A  second  control  pulse  rotates  the  spin  vector  back,  restoring  the  amplitude  of  the  beats,  thus 
demonstrating  the  unitarity  of  the  control.  The  control  pulses  are  also  shown. 


Rosen-Zener  pulses  can  also  be  used  for  initialization.  For  an  actual  quantum  computation,  we  would  need 
to  repeat  the  pulse  to  increase  the  fidelity  of  the  initialization,  but  for  demonstration  purposes  this  amount 
of  spin  polarization  is  sufficient.  For  a  Zeeman  splitting  large  compared  to  the  trion  linewidth,  the  radiative 
recombination  of  the  trion  will  incoherently  relax  it  to  the  lower  spin  states  [1,  4],  and  we  are  thus  left  with 
a  spin  vector  initially  pointing  along  | z)  and  processing  in  the  yz  plane.  A  second  pulse,  the  control  pulse, 
rotates  the  spin  vector  via  the  aforementioned  mechanism.  The  control  pulse  should  be  transitionless,  which 
translates  to  =  a  from  Eq.  (2).  Then,  the  angle  of  rotation  is  given  by 

(j)  =  2arctan  (-^)  .  (3) 

From  Eq.  (3)  it  is  evident  that  for  a  fixed  pulse  duration  (fixed  a),  variation  of  the  detuning  A  will  determine 
the  angle  of  rotation.  To  demonstrate  the  unitarity  of  the  control  operation  (no  population  transfer  to  the 
trion),  a  second  control  pulse  should  be  used  to  rotate  the  spin  vector  back  and  restore  the  beats,  as  shown 
in  Fig.  . 

The  fidelity  of  the  operation  will  deteriorate  due  to  the  following:  first,  the  |  —  z)  state  actually  precesses 
during  the  pulse  action.  However,  this  does  not  affect  the  unitarity  of  the  operation,  and  it  merely  tilts 
by  a  small  amount  the  axis  of  rotation;  second,  the  trion  state  decays  via  spontaneous  emission  during 
the  short  time  it  gets  populated  by  the  control  pulse,  which  suggests  that  short  pulses  should  be  used. 
There  is  however  a  limit  to  how  short  a  pulse  may  be  used,  since  the  strength  of  the  pulse  will  have  to  be 
simultaneously  increased.  Our  numerical  simulations  show  that  there  is  a  range  in  the  parameter  space 
where  the  operation  is  feasible,  with  fidelities  higher  than  99.6%. 

One  of  the  strengths  of  this  proposal  is  its  analyticity:  for  given  input  (a  and  A),  the  output  is  determined 
(rotation  angle  <f>  about  z)  .  It  is  however  only  providing  a  recipe  for  rotations  about  z.  The  next  step  is  to 
design  and  experimentally  implement  rotations  about  other  axes. 
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The  electron  spin  in  semiconductor  nanostructures  is  the  subject  of  numerous  studies  because  of  its  expected 
long  spin  coherence  time  (~1  ms)  [1,  2,  3,  4]  and  its  potential  for  implementation  as  an  applicable  qubit 
in  quantum  information  processing  [5].  Here  we  report  an  all  optical  coherent  ultrafast  manipulation  of 
an  ensemble  of  electron  spin  polarization  in  charged  quantum  dots  (QDs),  a  crucial  step  towards  spin 
initalization  and  spin  Rabi  oscillation  and  hence  single  qubit  rotation  in  such  system. 

The  QD’s  are  formed  by  interface  fluctuations  in  a  4.2  nm  GaAs/Alo.3Gao.7As  layer  which  is  modulation 
doped  with  silicon.  The  excess  electrons  from  the  silicon  are  trapped  in  the  dot  potential  forming  charged 
QD.  The  experiment  is  conducted  in  a  magnetic  field  of  B=6.6  T  perpendicular  ( x )  to  the  growth  direction 
(z)  (Voigt  geometry)  at  4K  with  a  modulated  pump  and  probe  pair  and  an  unmodulated  control  beam  with 
pulse  widths  of  6  ps  (0.4  meV).  The  frequency  of  all  three  beams  are  fixed  at  the  ensemble  trion  transition. 
The  data  is  taken  by  fixing  the  control  delay  (rc)  to  the  pump  at  various  positions  and  scanning  the  probe 
delay  to  map  the  dynamics  of  the  system.  The  differential  transmission  (DT)  signal  is  homodyne  detected 
with  the  transmitted  probe  beam. 

The  energy  levels  in  the  charge  QD  are  described  by  two  electron  spin  ground  states  (|.t±))  quantized  along 
x  and  two  charged  exciton  (trion)  states  (|t±)).  By  using  one  polarization  of  light,  er_  for  example,  we  isolate 
a  A  system  as  seen  in  the  dashed  box  in  Fig.  la.  The  splitting  of  the  spin  states  is  49  peV  for  B=6.6  T 
and  the  splitting  of  the  trion  states  is  0  due  to  its  negligible  in-plane  g-factor.  At  4K,  the  thermal  excitation 
energy  is  around  0.3  meV  much  greater  than  the  splitting,  which  means  the  system  is  in  thermal  equilibrium 
with  equal  population  in  both  spin  states  (i.  e.  no  net  polarization). 

In  order  to  control  the  spin  polarization,  we  must  first  create  a  spin  polarization  in  the  system.  The  pump 
pulse  to  second  order  generates  a  net  spin  polarization  along  the  optical  axis  z.  This  spin  polarization  then 
precesses  on  the  z-y  plane  around  the  magnetic  field  aligned  along  x.  The  precession  can  be  observed  as 
spin  quantum  beats  as  the  projection  of  the  polarization  along  z  changes  Fig.  lb.  The  maxima  and  minima 
of  the  beat  signal  represent  the  spin  alignments  along  z  (rc  =  Tmax)  and  — z  (rc  =  Tmjn),  respectively,  while 
zero  represents  alignment  along  y  (rc  =  To).  A  control  pulse,  to  all  orders,  rotates  the  spin  polarization 
around  z  an  angle  equal  to  the  pulse  area  9C  of  the  control  pulse.  A  special  case  of  the  rotation  is  when 
the  spin  polarization  is  along  y  and  the  control  pulse  area  is  set  to  be  ir/2.  This  rotation  puts  the  spin 
polarization  along  x ,  which  has  no  precessing  components  because  it  is  in  the  eigenstate  of  the  charged  QD 
system  under  a  Voigt  magnetic  field.  This  rotation  serves  a  very  similar  purpose  to  spin  state  initialization. 
In  Fig.  Id,  we  can  clearly  see  the  beat  amplitudes  at  rc  =  To  diminish  to  almost  zero,  representing  nearly 
complete  alignment  in  x.  At  tc  =  Tmin(Tmax),  the  beat  amplitude  is  nearly  unaffected,  representing  complete 
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Fig.  1.  (a).  Energy  level  diagram  in  a  single  charged  QD.  x±)  are  the  spin  ground  states  and  |t±)  are  the 
trion  states.  A  A  system  can  be  isolated  by  using  cr_  polarized  light  as  seen  in  the  dashed  box.  (b)  to  (d) 
Three-beam  spin  quantum  beats  with  pump-probe  pair  and  a  control  beam,  where  the  control  beam  delay 
rc  is  varied  from  rmv.n  to  Tmax ■  9C  is  the  control  pulse  area,  where  0C  =  0  in  (b),  0r  =  7r/4  in  (c),  and 
9C  =  t/2  in  (d). 


alignment  in  z{— z). 

By  observing  the  spin  amplitude  change  at  rc  =  To  for  three  different  6C  =  0, 7r/4,  7t/2  Fig.  lb-d,  we  note  that 
the  extend  of  the  spin  rotation  depends  on  the  control  pulse  area.  This  behavior  is  analogous  to  the  Rabi 
oscillations  of  a  two-level  system.  It  is  predicted  by  theory  that  by  increasing  9C  beyond  7t/2  [6],  the  beats  will 
be  revived  because  the  rotation  overshoots  x  and  the  spin  gains  a  y  component  which  does  precess  around 
the  magnetic  field.  However,  this  effect  is  hindered  by  inhomogeneous  broadening  and  scattering  making  it 
difficult  to  realize  in  an  ensemble. 

Our  current  efforts  aim  towards  performing  the  same  measurements  on  single  charged  QDs,  which  should 
show  more  pronounced  prove  of  the  realization  of  spin  initialization  and  spin  Rabi  oscillations. 
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